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Nomenclature 


In the following list, we define the common symbols, notations and abbreviations which 
are used in the book as a quick reference for the reader. 


V nabla differential operator 

V. and V' covariant and contravariant differential operators 

Vf gradient of scalar f 

V-A divergence of tensor A 

VxA curl of tensor A 

V2, On, Vis Laplacian operator 

Vv, Ov; velocity gradient tensor 

, (subscript) partial derivative with respect to following index(es) 

; (subscript) covariant derivative with respect to following index(es) 


hat (e.g. Aj, E,) 


bar (e.g. u’, Aj) 


(2) 


an perpendicular to 

1D, 2D, 3D, nD  one-, two-, three-, n-dimensional 

6/dt absolute derivative operator with respect to t 

O; and V; partial derivative operator with respect to i‘” variable 
0.; covariant derivative operator with respect to i” variable 
[27, k] Christoffel symbol of 1% kind 

A area 

B, Bi; Finger strain tensor 

Bt, Be Cauchy strain tensor 

C curve 

CP of class n 

d, d; displacement vector 

det determinant of matrix 

diag [-- - | diagonal matrix with embraced diagonal elements 

dr differential of position vector 

ds length of infinitesimal element of curve 

do area of infinitesimal element of surface 

dt volume of infinitesimal element of space 

e; i? vector of orthonormal vector set (usually Cartesian basis set) 
e;, €9, &g basis vectors of spherical coordinate system 
Crr,@rg,*** ,@g¢ unit dyads of spherical coordinate system 

Cp, Cg, Cz basis vectors of cylindrical coordinate system 
Cpp,Cpg.°°* 5@zz unit dyads of cylindrical coordinate system 

BE, first displacement gradient tensor 

E;, E’ i’ covariant and contravariant basis vectors 


physical representation or normalized vector 
transformed quantity 
inner or outer product operator 


E; 
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i*” orthonormalized covariant basis vector 

Equation /Equations 

determinant of covariant metric tensor 

metric tensor 

covariant, contravariant and mixed metric tensor or its components 
coefficients of covariant metric tensor 

coefficients of contravariant metric tensor 

scale factor for i” coordinate 

if and only if 

Jacobian of transformation between two coordinate systems 
Jacobian matrix of transformation between two coordinate systems 
inverse Jacobian matrix of transformation 

length of curve 

normal vector to surface 

point 

k-permutations of n objects 


i’ coordinate of orthogonal coordinate system 


i’ unit basis vector of orthogonal coordinate system 
position vector 

Ricci curvature scalar 

Ricci curvature tensor of 1° and 2”¢ kind 
Riemann-Christoffel curvature tensor of 1% and 24 kind 
coordinates of spherical coordinate system 

surface 

rate of strain tensor 

vorticity tensor 

time 

transposition of matrix 

traction vector 

trace of matrix 

i” coordinate of general coordinate system 

velocity vector 

volume 

weight of relative tensor 

i’ Cartesian coordinate 

i’ Cartesian coordinate of particle at past and present times 
coordinates of 3D space (mainly Cartesian) 

infinitesimal strain tensor 

rate of strain tensor 

Christoffel symbol of 2” kind 

Kronecker delta tensor 

covariant, contravariant and mixed ordinary Kronecker delta 


generalized Kronecker delta in 2D, 3D and nD space 
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second displacement gradient tensor 

covariant relative permutation tensor in 2D, 3D and nD space 
contravariant relative permutation tensor in 2D, 3D and nD space 
covariant absolute permutation tensor in 2D, 3D and nD space 
contravariant absolute permutation tensor in 2D, 3D and nD space 
coordinates of plane polar coordinate system 

coordinates of cylindrical coordinate system 

stress tensor 

vorticity tensor 

region of space 


Chapter 1 
Preliminaries 


1. Differentiate between the symbols used to label scalars, vectors and tensors of rank > 1. 
Answer!!! 
Scalars: non-indexed lower case light face italic Latin letters (e.g. f and h) are used to 
label scalars. 
Vectors: non-indexed lower or upper case bold face non-italic Latin letters (e.g. a and 
A) are used to label vectors in symbolic notation with the exception of the basis vectors 
where indexed bold face lower or upper case non-italic symbols (e.g. e; and E’) are 
used. 
Tensors of rank > 1: non-indexed upper case bold face non-italic Latin letters (e.g. A 
and B) are used to label tensors of rank > 1 in symbolic notation. 
Indexed light face italic Latin symbols (e.g. a; and B} a are used to denote tensors of 
rank > 0 (i.e. vectors and tensors of rank > 1) in their explicit tensor form, i.e. index 
notation. 

2. What the comma and semicolon in A? : and A;.; mean? 
Answer: The comma means partial derivative with respect to the variable whose 
index follows the comma (i.e. the i“ variable in A’ :), while semicolon means covariant 
derivative with respect to the variable whose index follows the semicolon (i.e. the i” 
variable in Aj.;). 

3. State the summation convention and explain its conditions. To what type of indices 
this convention applies? 
Answer: According to the summation convention, dummy indices imply summation 
over their range. More clearly, a twice-repeated variable (i.e. not numeric) index in a 
single term (whether the twice-repeated index occurs in one tensor or in two tensors) 
implies a sum of terms equal in number to the range of the repeated index. Hence, in 


a 2D space we have: 
Be = Bi + By 


while in a 3D space we have: 
C,D* = C\D' + C2D? + C3D° 


4. What is the number of components of a rank-3 tensor in a 4D space? 
Answer: The number of components of a rank-r tensor in an nD space is given by n’. 
Hence, the number of components is 4° = 64. 


[11 This answer is about the symbolism of this book (which is generally of common use), and hence some 
conditions (e.g. being of lower or upper case) are not universal. The readers should therefore consult 
each author about his own convention about these conditions. 
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5. A symbol like Bik may be used to represent tensor or its components. What is the 
difference between these two representations? Do the rules of indices apply to both 
representations or not? Justify your answer. 

Answer: The difference is that when these symbols represent tensors they should be 
treated as tensors and hence they obey the rules of tensors (e.g. the transformation 
rules and the rules of indices), while when they represent components they are like 
scalars and hence they are ordinary numbers or variables (e.g. real numbers). For 
example, when B) a represents a tensor it is wrong to write B) * + C where C is a scalar, 
but this is correct when Bi represents a component. 

As indicated, the rules of indices apply to tensors but not to their components. 

6. What is the meaning of the following symbols: V, 0;, Ogn, V7, 06, h jx; Aly, Cs 

and Ciskm? 

Answer: 

V: nabla differential vector operator. 

0;: partial derivative operator with respect to the j’ variable. 

Oy: Laplacian differential scalar operator in Cartesian form. 

V?: Laplacian differential scalar operator. 

Og: partial derivative with respect to the variable ¢. 

h je: second order partial derivative with respect to the variables indexed by 7 and k. 
A!,: covariant derivative of the contravariant vector A’ with respect to the variable 
indexed by n. 

Oo”: contravariant derivative with respect to the variable indexed by n. 

V'*: contravariant derivative with respect to the variable indexed by k. 

Ci.km: second order covariant derivative of the covariant vector C; with respect to the 
variables indexed by k and m. 

7. What is the difference between symbolic notation and indicial notation? For what type 
of tensors these notations are used? What are the other names given to these types of 
notation? 

Answer: The symbolic notation is a geometrically oriented notation with no reference 
to a particular coordinate system and hence it is intrinsically invariant to the choice 
of coordinate system, while the indicial notation takes an algebraic form based on 
components identified by indices and referred to a particular set of basis vectors of a 
given coordinate system and hence the notation is suggestive of an underlying coordinate 
system. Also, the symbolic notation is usually identified by using bold face non-italic 
symbols, like a and B, while the indicial notation is identified by using light face indexed 
italic symbols such as a’ and Bj;. 

These notations are used for non-scalar tensors and hence they belong to tensors of 
rank > 0. 

Other names for symbolic notation are index-free notation, direct notation, and Gibbs 
notation. 

Other names for indicial notation are index notation, component notation, and tensor 
notation. 

8. “The characteristic property of tensors is that they satisfy the principle of invariance 
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under certain coordinate transformations”. Does this mean that the components of 
tensors are constant? Why this principle is very important in physical sciences? 
Answer: No. The principle of invariance is about the invariance of the form and not 
about the invariance or constancy of the values of the individual components.?! 

This principle is very important in physical sciences because the laws of science should 
satisfy the principle of form-invariance when they are transformed across coordinate 
systems and frames of reference. This is because for the laws of science to be useful 
and of common value, they should be independent of the coordinate systems, frames of 
reference and observers. 

9. State and explain all the notations used to represent tensors of all ranks (rank-0, rank-1, 
rank-2, etc.). What are the advantages and disadvantages of using each one of these 
notations? 

Answer: Regarding rank-0 tensors (i.e. scalars), they have only one way of labeling 
which is commonly non-indexed light face italic Latin letters (e.g. f) or Greek letters 
(e.g. 9). 

Regarding tensors of rank > 0 (i.e. vectors and higher rank tensors), they have symbolic 
notation and indicial notation which are explained in a previous question (see Exercise 
7). The symbolic notation is of geometric nature with no reference to a particular co- 
ordinate system, while the indicial notation is of algebraic nature with an indication 
to an underlying coordinate system and basis tensors. Non-indexed bold face straight 
symbols are usually used to represent symbolic notation, while indexed light face italic 
symbols are usually used to represent indicial notation. Symbolic notation is used in 
general representation while indicial notation is used in specific representations, formu- 
lations and calculations. 

Regarding the advantages and disadvantages, symbolic notation is more general and 
succinct and easier to read than indicial notation, while indicial notation is more spe- 
cific and informative. Indicial notation may be susceptible to some confusion since the 
same symbol (like A;) may be used to represent the components as well as the tensor 
itself but from this very perspective it is more flexible and versatile. Indicial notation 
may also be more susceptible to error in writing and typesetting due to the presence of 
indices and may also require more overhead in this regard since writing and typesetting 
indexed symbols in a legible form usually require extra effort especially when using sim- 
ple editors, for example, although bold-facing (or using similar notational techniques 
like underlining or using over-arrows) also requires additional effort. In brief, symbolic 
notation is recommended for general representation while indicial notation should be 
used in specific representation that requires the revelation of the underlying structure 
and indication of the coordinate system or reference frame and basis vectors such as 


[2] This also implies the invariance of what the tensor represents of abstract mathematical entity or phys- 
ical entity and hence the “reality” of the represented entity is independent of the form and type of 
representation. For example, a vector of magnitude 1 meter pointing to the north will be so in any 
coordinate system and in any form of representation and hence it will not be of magnitude 1 in one 
system and of magnitude 2 in another system or pointing north in one form of representation and 
pointing east in another form of representation. 
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10. 


HH. 


during formulation and calculation. For example, when we talk about a tensor that 
can be covariant or contravariant or mixed or we want to talk about a tensor whose 
variance type is irrelevant in that context, then it is more appropriate to use symbolic 
notation like A because it is general and can represent any variance type, but if we 
talk specifically about the properties and the rules that apply specifically to one of 
these variance types (such as covariant type) or we intend to use the tensor symbol in 
explicit tensor formulation, calculation and development of analytical arguments and 
proofs then it is more appropriate (and may even be necessary) to use indicial notation 
like A; for that tensor. 

State the continuity condition that should be met if the equality: 0,0; = 0;0; is to be 
correct. 

Answer: The continuity condition means that the function and its first and second 
partial derivatives do exist and they are continuous in their domain. 

Explain the difference between free and bound tensor indices. Also, state the rules that 
govern each one of these types of index in tensor terms, expressions and equalities. 
Answer: The differences can be summarized as follows: 

(a) Free index occurs only once in a tensor term, while bound (or dummy) index occurs 
twice in a tensor term. 

(b) The summation convention applies to bound indices but not to free indices. 

(c) Free indices have extended presence in all terms of tensor expressions and equalities, 
while bound indices are restricted to their terms and hence they can occur only in some 
terms of tensor expressions and equalities. 

(d) Bound indices can be replaced in individual terms (as long as the new label is not 
used in that term) but free indices cannot although free indices can be replaced in all 
terms if the new label is not in use in that context. 

(ec) When bound indices are present in more than one term of tensor expressions and 
equalities they can be named differently in each term but free indices should be named 
uniformly in all terms. 

(f) Free indices count in tensor rank and order but bound indices count only in tensor 
order. 

(g) Bound indices can be present in scalar quantity (when all indices are contracted) 
but free indices can not. 

The rules of free indices: 

(A) Each term should have the same number of free indices. 

(B) A free index should have the same variance type in all terms. 

(C) Each term should have the same set of free indices, e.g. all terms should have i, 7, k 
and hence it is not allowed to have one term with 7, j,k set and another term with 7, 7,n 
set. 

(D) The free indices should have the same arrangement in all terms, e.g. ijkl in all 
terms and not 27kl in some terms and 7kjl in other terms. 

(E) Each index should have the same range (i.e. space dimensionality) in all terms, and 
hence the index 7 in A; + B; expression should have identical range in both terms. 
The rules of bound indices: 
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(i) They are usually subject to the summation convention. 

(ii) They generally should be of opposite variance type (i.e. one covariant and one 
contravariant) except in orthonormal Cartesian systems where they can have the same 
variance type. 

(iii) They can be named independently in each term. 

(iv) They do not contribute to the tensor rank but they contribute to the tensor order. 
Explain the difference between the order and the rank of tensors and link this to the 
free and dummy indices. 

Answer: The order represents the total number of indices including dummy indices, 
while the rank represents the number of free indices only. Accordingly, free indices 
count in tensor rank and order but dummy indices count only in tensor order. 

What is the difference between covariant, contravariant and mixed type tensors? Give 
examples for each. 

Answer: In brief: 

(a) Covariant tensors have only subscript indices. Contravariant tensors have only 
superscript indices. Mixed tensors have both subscript and superscript indices. 

(b) Covariant and contravariant tensors are of rank > 0 (i.e. vectors and higher rank 
tensors and hence they exclude only scalars), while mixed tensors are of rank > 1 (and 
hence they exclude scalars and vectors). 

(c) Covariant tensors are associated with contravariant basis vectors. Contravariant 
tensors are associated with covariant basis vectors. Mixed tensors are associated with 
both covariant and contravariant basis vectors (i.e. their covariant /contravariant indices 
correspond to contravariant /covariant basis vectors). 

Examples: A;, B;;, Cj;, are covariant tensors. A’, BY, C4" are contravariant tensors. 
A‘, Be , Cig are mixed tensors. 

What is the meaning of “unit” and “zero” tensors? What is the characteristic feature of 
these tensors with regard to the value of their components? 

Answer: Unit tensor is a tensor whose all components are zero except those with 
identical values of all indices which are assigned the value 1. Zero tensor is a tensor 
whose all components are zero. The characteristic feature of these tensors is that all 
their components are constant (i.e. 0 and 1 for unit tensor and 0 for zero tensor). 
What is the meaning of “orthonormal vector set” and “orthonormal coordinate system’? 
State any relevant mathematical condition. 

Answer: Orthonormal vector set means a set of vectors which are mutually orthogonal 
and each one is of unit length. The orthonormality of a vector set may be expressed 
mathematically by the following dot product equations: 


V; : V; = Oj or Vv’ ‘ vi = 5 


where the indexed 6 is the Kronecker delta symbol and the indexed V symbolizes a 
vector in the set while 7 and 7 are ranging over the dimension of the underlying space. 
Orthonormal coordinate system means a coordinate system whose basis vector set is 
orthonormal at all points of the space where the system is defined. 

What is the rule that governs the pair of dummy indices involved in summation re- 
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garding their variance type in general coordinate systems? Which type of coordinate 
system is exempt of this rule and why? 

Answer: The rule is that the indices should be of opposite variance type (i.e. one 
covariant and the other contravariant). The coordinate system that is exempt from 
this rule is the orthonormal Cartesian because the covariant and contravariant types of 
this system are identical. 


State all the rules that govern the indicial structure of tensors involved in tensor ex- 
pressions and equalities (rank, set of free indices, variance type, order of indices and 
labeling). 

Answer: The rules are: 

(a) Each term should have the same number of free indices, i.e. the same rank. 

(b) A free index should have the same variance type in all terms. 

(c) Dummy indices should be of opposite variance type except in orthonormal Cartesian 
systems. 

(d) Each term should have the same set of free indices, e.g. all terms should have i, 7, k 
and hence it is not allowed to have one term with 7, j,k set and another term with 7, 7,n 
set. 

(ec) The free indices should have the same arrangement, e.g. i first k second and m 
third. 

(f) Each index should have the same range (i.e. space dimensionality) in all terms. 

(g) Dummy and free indices should have distinct labeling, i.e. no dummy index can 
share the same label with a free index. 

How many equalities that the following equation contains assuming a 4D space: BY = 
CF? Write all these equalities explicitly, ic. B} = Ci, BZ = C2, etc. 


Answer: Sixteen. They are: 


BSC! B= Bb=C! Bec 
B=C? B=C B2 =(2 B2=C? 
Be =C3 BB =C3 B8=C3 Be =C3 
Bt=c# Bt =c# Bi=C Bi=c 


Which of the following tensor expressions is legitimate and which is not, giving detailed 
explanation in each case? 


A‘-B;, C2+D%—B, at+B, Sa + Roy 


Answer: 
First: illegitimate because the number of free indices is different, i.e. the two tensors 
are of different rank. 
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20. 


21 


os 


Second: illegitimate because the involved tensors are of different rank, i.e. C? and BP 
are of rank-0 while DY? is of rank-2. 

Third: legitimate because a and B are scalars. 

Fourth: legitimate because Seah and F’ Ke have identical indicial structure that follows 
all the rules of free and bound indices in tensor expressions. The difference in the 
dummy indices (i.e. c and d in See and a and 6 in EY) does not matter because 
bound indices are restricted to their own term. 

Which of the following tensor equalities is legitimate and which is not, giving detailed 
explanation in each case? 


AZ =B", D=Se+Ng@, 3a+2b=J2, BE=Ct, By,=3c—D, 


Answer: 

First: illegitimate because the arrangement of the indices is different, i.e. an in A;" and 
ni in B™.. 

Second: legitimate because all the involved tensors in this equality are of rank-0. 
Third: legitimate because all the involved tensors are of rank-0. 

Fourth: illegitimate because the corresponding indices are of different variance type. 
Fifth: illegitimate because the involved tensors are of different rank, i.e. B; and D; are 
of rank-1 while c is of rank-0. 

Explain why the indicial structure (rank, set of free indices, variance type and order of 
indices) of tensors involved in tensor expressions and equalities are important referring 
in your explanation to the vector basis set to which the tensors are referred. Also 
explain why these rules are not observed in the expressions and equalities of tensor 
components. 

Answer: The reason is that the indicial notation of tensors is based on a particular 
set of basis vectors and hence the characteristics of the indicial structure (i.e. rank, 
set of free indices, variance type and order of indices) have particular significance since 
they have certain association and representation of the basis set and its characteristics. 
For example, the tensor A,’ means A,’E'E, while the tensor Bi, means Bi, .E,E/E* 
and hence A,/ + Bi, and A? = B'., are incorrect because A/E'E,; + Bi, .E,E/E* and 
A,/E'E; = B', .E,E/E* are meaningless. 

The rules of indicial structure are not observed in the expressions and equalities of 
tensor components because these components are scalars in nature and hence these 
expressions and equalities do not refer to the basis vectors. For example, if the value 
of the component B;; of the tensor B is 10 and the value of the component C” of the 
tensor C is also 10 then it is meaningful and useful to state B;; = C”. Similarly, when 
we write €;; = € we mean the corresponding components of the tensors ¢;; and €’”” have 
identical values, e.g. €12 = €'? = 1 and €,, = et! = 0 which is legitimate and correct. 
Why free indices should be named uniformly in all terms of tensor expressions and 
equalities while dummy indices can be named in each term independently? 

Answer: The reason is that free indices refer to the common basis vector set and 
hence they have reach beyond their own individual terms (i.e. they represent a common 
reference across all terms of the tensor expressions and equalities), while each dummy 
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index represents a sum in its own term with no reach or presence into other terms and 
hence dummy indices can be named independently in each term. 

What are the rules that should be observed when replacing the symbol of a free index 
with another symbol? What about replacing the symbols of dummy indices? 
Answer: The rules about replacing the symbol of a free index are: 

(a) The replacement should be uniform and thorough within the given context and 
hence it should take place over all the occurrences of the replaced index in that context 
and not only over some terms or expressions or equalities. 

(b) The new index should not be in use already as a label to another free or bound 
index in that context. 

(c) All the indicial structural aspects of the old index (variance type, position, etc.) 
should be inherited by the new index. In brief, the change should be restricted to 
naming and should not touch any other aspect of the replaced index. 

Regarding the replacement of the symbols of dummy indices, they can be replaced by 
another symbol which is not present as a free or dummy index in their term as long as 
there is no confusion with a similar symbol in that context. 

Why in general we have: 0;A; # A;0;? What are the situations under which the 
following equality is valid: 0,4; = A,0;? 

Answer: The reason is that 0;A; and A,0; have different meaning and mathematical 
significance and implication because 0;A; means that O; is operating on A; while A,0; 
means that 0; is operating on something else and A, just multiplies the result of this 
operation. 

The equality 0;A; = A,;O; holds identically when A; = 0. It also holds in many other 
special cases. For example, it holds when A; and the operand of 0; on the right hand 
side are constant (or more generally they are independent of the i” variable and hence 
the partial derivatives are zero). 

What is the difference between the order of a tensor and the order of its indices? 
Answer: The order of a tensor is an indicator of the total number of tensor indices, 
while the order of its indices represents the arrangement of these indices (i.e. which is 
first, which is second, etc.). 

In which case Ajj, is equal to Ajzj;? What about A;;, and Avi? 

Answer: Ajj; is equal to Ay,; when we have a symmetry in the 7 and k indices. 

Ajj, and A“) are equal when we have an underlying orthonormal Cartesian coordinate 
system plus a symmetry in the j and k indices." 

What are the rank, order and dimension of the tensor At , 1a 3D space? What about 
the scalar f and the tensor Aw from the same perspectives? 

Answer: The rank of A‘, is 3, its order is 3 and its dimension is 3. 

The rank of f is 0, its order is 0 and its dimension is 3. 

The rank of Aw is 3, its order is 7 and its dimension is 3. 

What is the order of indices in A,’ ,,? Insert a dot in this symbol to make the order 


[3] We note that the perspective of components and basis vectors my not be entirely consistent in this 


answer. However, the main focus is the condition for symmetry. 
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29. 


30. 


more explicit. 

Answer: The order is jk. On inserting a dot between j and k we get A; ‘| which is 
more explicit about the order of indices. 

Why the order of indices of mixed tensors may not be clarified by using spaces or 
inserting dots? 

Answer: Some reasons are: 

e The order of indices is irrelevant in the given context, e.g. any order can achieve the 
intended purpose. 

e The order is clear from other indicators in the given context. 

e The order is indicated implicitly by the alphabetical order of the selected indices and 
hence A? for instance means i first and j second. 

What is the meaning of “tensor field”? Is A‘ a tensor field considering the spatial 
dependency of A’ and the meaning of “tensor”? 

Answer: Tensor field is a tensor that is defined over an extended and continuous region 
(or regions) of the space or over the whole space. 

Yes, the vector A’ should be a tensor field when it is defined over an extended region 
of the space where “tensor” here is used in its general sense that includes vectors. 


Chapter 2 
Spaces, Coordinate Systems and ‘Trans- 
formations 


1. Give brief definitions to the following terms: Riemannian space, coordinate system and 

metric tensor. 

Answer: 

Riemannian space is a manifold characterized by the existence of a symmetric rank-2 
tensor called the metric tensor that is defined over the whole manifold. 

Coordinate system is an abstract mathematical device of geometric nature that is used 
by an observer to identify the position of points and objects and describe events in a 
given space or manifold. 

Metric tensor is a rank-2 symmetric absolute non-singular tensor that is associated 
with a given Riemannian space. The metric tensor contains vital information about 
the essential geometric properties of the space 

2. Discuss the main functions of the metric tensor in a given space. How many types the 
metric tensor can have? 

Answer: The functions of the metric tensor include: 

e Identifying the geometric properties of the space. 

e Raising and lowering indices and hence facilitating the transformation between the 
covariant and contravariant types. 

Types of the metric tensor: covariant, contravariant and mixed. 

3. What is the meaning of “flat” and “curved” space? Give mathematical conditions for 
the space to be flat in terms of the length of an infinitesimal element of arc and in terms 
of the metric tensor. Why these conditions should be global for the space to be flat? 
Answer: Flat space is a space to which a coordinate system whose metric tensor can 
be cast into a diagonal form with all the diagonal entries being +1 or —1 does exist, 
while curved space is a space to which such a coordinate system does not exist. 

The mathematical condition for an nD space to be flat in terms of the length of an 
infinitesimal element of arc ds is given by: 


(ds) = Ci(du')? + Co(du*)” +... + Cn(du")? = do Gildu'y® 


where the indexed ¢ are +1 while the indexed wu are the coordinates of the space. 
The mathematical condition for an nD space to be flat in terms of the metric tensor is 
given by: 
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gz = O (i # J) 


where g;; are the elements of the metric tensor. 

When we describe a space to be flat we mean globally flat (otherwise we describe it as 
locally flat) and hence these conditions should be global for the space to be flat in a 
global sense. 

4. Give common examples of flat and curved spaces of different dimensions justifying in 
each case why the space is flat or curved. 

Answer: 

e Plane is an example of a 2D flat space because it can be coordinated by a 2D Carte- 
sian system with a diagonal metric tensor whose all diagonal elements are +1. 

e Ordinary Euclidean space is an example of a 3D flat space because it can be coor- 
dinated by a 3D Cartesian system with a diagonal metric tensor whose all diagonal 
elements are +1. 

e Minkowski spacetime manifold that underlies the mechanics of Lorentz transforma- 
tions is an example of a 4D flat space because it can be coordinated by a 4D coordinate 
system with a diagonal metric tensor whose all diagonal elements are +1. 

e Sphere and ellipsoid are examples of 2D curved space because they cannot be coor- 
dinated by a system with a diagonal metric tensor whose diagonal elements are +1. 

e Examples of curved spaces of higher dimensionality can be found in mathematics and 
some theories of modern physics where abstract curved spaces are used to conceptualize 
and quantify mathematical and physical theories. For example, in the general theory of 
relativity curved 4D spaces (representing the spacetime of the physical world) are used 
to formulate a geometric theory of gravity. 

5. Explain why all 1D spaces are Euclidean. 

Answer: The reason is that any curve can be mapped isometrically to a straight line 
where both are naturally parameterized by arc length. This means that any curvature 
of a 1D space does not belong to the space itself but to the embedding space, i.e. the 
curvature is extrinsic rather than intrinsic. 

6. Give examples of spaces with constant curvature and spaces with variable curvature. 
Answer: Plane, sphere and Beltrami pseudo-sphere are examples of 2D spaces with 
constant curvature (where the curvature of plane is 0, the curvature of sphere is 3 with 
r being its radius and the curvature of Beltrami pseudo-sphere is =e with p being the 
pseudo-radius of the pseudo-sphere), while ellipsoid, torus and elliptic and hyperbolic 
paraboloids are examples of 2D spaces with variable curvature. 

7. State Schur theorem outlining its significance. 

Answer: Schur theorem in differential geometry asserts that if the Riemann-Christoffel 
curvature tensor at each point of an nD space (n > 2) is a function of the coordinates 
only, then the curvature is constant all over the space. An example of its practical 
significance is that by performing a simple test on the dependency of the Riemann- 
Christoffel curvature tensor and finding the curvature on a single point we will have 
information about the curvature of the space at a global level. The theory also has 
other important theoretical significance and implications. 
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. What is the condition for a space to be intrinsically flat and extrinsically flat? 


Answer: A space is intrinsically flat iff the Riemann-Christoffel curvature tensor van- 
ishes identically over the space, and it is extrinsically (as well as intrinsically) flat aff 
the curvature tensor vanishes identically over the whole space. 


. What is the common method of investigating the Riemannian geometry of a curved 


manifold? 

Answer: The common method for investigating the Riemannian geometry of a curved 
manifold is to embed the manifold in a Euclidean space of higher dimensionality and 
inspect the properties of the manifold from this perspective. 

Give brief definitions to coordinate curves and coordinate surfaces outlining their rela- 
tions to the basis vector sets. How many independent coordinate curves and coordinate 
surfaces we have at each point of a 3D space with a valid coordinate system? 
Answer: Coordinate curves are curves along which exactly one coordinate varies while 
all the other coordinates are constant, while coordinate surfaces are surfaces over which 
exactly one coordinate is constant while all the other coordinates vary. The covariant 
basis vectors are tangent vectors to the coordinate curves, while the contravariant basis 
vectors are gradient of the space coordinates and hence they are perpendicular to the 
coordinate surfaces. 

We should have 3 independent coordinate curves and 3 independent coordinate surfaces 
at each point of a 3D space with a valid coordinate system. 

Why a coordinate system is needed in tensor formulations? 

Answer: Coordinate systems are needed in tensor calculus to define non-scalar tensors 
in a specific form and identify their components in reference to the basis set of the 
system. 

List the main types of coordinate system outlining their relations to each other. 
Answer: Coordinate systems can be classified from different perspectives. 

e For example, they can be classified as rectilinear coordinate systems which are char- 
acterized by the property that all their coordinate curves are straight lines and all their 
coordinate surfaces are planes, and curvilinear coordinate systems which are character- 
ized by the property that at least some of their coordinate curves are not straight lines 
and some of their coordinate surfaces are not planes. 

e They can also be classified as orthogonal coordinate systems which are characterized 
by having mutually perpendicular coordinate curves and coordinate surfaces at each 
point in their space, and non-orthogonal which are not so. 

e They can also be classified as homogeneous when the metric tensor of their space is 
the unity tensor, and non-homogeneous otherwise. 

e They may also be classified individually from the perspective of their own character- 
istics and hence we have Cartesian, cylindrical, spherical as well as many other types 
of coordinate systems (e.g. parabolic and parabolic cylindrical) whose properties are 
thoroughly investigated in mathematical texts. 

“The coordinates of a system can have the same physical dimension or different physical 
dimensions”. Give an example for each. 

Answer: The coordinates of Cartesian systems have the same physical dimension (i.e. 
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length), while the coordinates of cylindrical systems have different physical dimensions 
(i.e. length for p and z and angle for ¢ which is dimensionless). 

Prove that spherical coordinate systems are orthogonal. 

Answer: Orthogonal systems are characterized by having mutually perpendicular basis 
vectors, and hence all we need for establishing this proof is to show that: 


e, -e9 = 0 e, -e, = 0 €9 - eg = 0 


The basis vectors for spherical coordinate systems are given in orthonormal Cartesian 
form by the following equations: 


e, = sin@cos¢i+sin6@ sin dj + cos dk 
€g = cosécos ¢i+ cos @sin dj — sin dk 


eg = —sin di+ cos dj 
where i,j,k are the Cartesian unit basis vectors. Accordingly, we have: 


e,:-eg = sin@dcosdcosécos¢ + sind sin dcos Od sin ¢ — cos 6 sin é 
= sin@cos@ cos” ¢ + sin 6 cos 6 sin? ¢ — cos @ sin 0 
= sin@cosé (cos? é+sin? d) — cos @ sin 
= sin@cosé —cosé@sin 6 
= J 


6. * 64 —sin@sindcos ¢@ + sin# sin dcos @ = 0 


€9-e, = —cosécosdsind + cos cos dsin d = 0 


What is the difference between rectilinear and curvilinear coordinate systems? 
Answer: All the coordinate curves of rectilinear coordinate systems are straight lines 
and all their coordinate surfaces are planes, while the coordinate curves and coordinate 
surfaces of curvilinear systems are not so and hence at least some of their coordinate 
curves are not straight lines and some of their coordinate surfaces are not planes. Con- 
sequently, the basis vectors of rectilinear systems are constant while the basis vectors 
of curvilinear systems are variable in general since their direction or/and magnitude 
depend on the position in the space and hence they are coordinate dependent. 

Give examples of common curvilinear coordinate systems explaining why they are curvi- 
linear. 

Answer: The most common examples are the cylindrical and spherical coordinate sys- 
tems. 

The cylindrical coordinate systems are curvilinear because the p, ¢, z coordinate curves 
are straight lines, circles and straight lines respectively (and hence some of their coor- 
dinate curves are not straight lines), while the p, ¢, z coordinate surfaces are cylinders, 
semi-planes and planes respectively (and hence some of their coordinate surfaces are 
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not planes). 

The spherical coordinate systems are curvilinear because the r,@,@ coordinate curves 
are straight lines, semi-circles and circles respectively (and hence some of their coor- 
dinate curves are not straight lines), while the r,@,@ coordinate surfaces are spheres, 
cones and semi-planes respectively (and hence some of their coordinate surfaces are not 
planes). 

Give an example of a commonly used curvilinear coordinate system with some of its 
coordinate curves being straight lines. 

Answer: An example is the cylindrical coordinate system whose p and z coordinate 
curves are straight lines. 

Define briefly the terms “orthogonal” and “homogeneous” coordinate system. 

Answer: Orthogonal coordinate system is a system whose coordinate curves, as well 
as its coordinate surfaces, are mutually perpendicular at each point in the space. Ac- 
cordingly, the vectors of its covariant basis set and the vectors of its contravariant basis 
set are mutually orthogonal everywhere in the space. 

Homogeneous coordinate system is a system associated with the unity tensor as the 
metric of its underlying space. 

Give examples of rectilinear and curvilinear orthogonal coordinate systems. 

Answer: Orthonormal Cartesian systems are examples of rectilinear orthogonal co- 
ordinate systems, while cylindrical and spherical coordinate systems are examples of 
curvilinear orthogonal coordinate systems. 

What is the condition of a coordinate system to be orthogonal in terms of the form of 
its metric tensor? Explain why this is so. 

Answer: The necessary and sufficient condition for a coordinate system to be orthog- 
onal is that its metric tensor is diagonal. This can be inferred from the definition of the 
components of the metric tensor as the dot products of the basis vectors since the dot 
product involving two different vectors (i.e. E;-E,; or E'- E’ with i 4 7) will vanish if 
the basis vectors, whether covariant or contravariant, are mutually perpendicular. As 
the condition 7 4 7 is associated with the non-diagonal components of the metric tensor 
then this means that all the non-diagonal components are zero and hence the tensor is 
diagonal. 

What is the mathematical condition for a coordinate system to be homogeneous? 
Answer: The mathematical condition for a coordinate system to be homogeneous may 
be given in terms of the metric tensor that associates the system by: 


G3 = +1 v=) 
Hj = O (#3) 
where gj; are the elements of the metric tensor. 
How can we homogenize a non-homogeneous coordinate system of a flat space? 


Answer: A coordinate system of a flat space can be homogenized by allowing the 
coordinates to be imaginary. This is done by redefining the coordinates as: 


Ut = VJ Gu' (no sum over 7) 
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where ¢; = +1. The new coordinates U* are real when ¢; = 1 and imaginary when 
G=-1. 
Give examples of homogeneous and non-homogeneous coordinate systems. 
Answer: Orthonormal Cartesian systems are examples of homogeneous coordinate 
systems, while cylindrical and spherical systems are examples of non-homogeneous co- 
ordinate systems. 
Give an example of a non-homogeneous coordinate system that can be homogenized. 
Answer: The coordinate system of the Minkowski spacetime (which is the space of the 
mechanics of Lorentz transformations whose metric may be given by diag [—1, +1, +1, +1] 
or diag |[+1,—1,—1,—1]) is an example of a non-homogenecous coordinate system that 
can be homogenized by allowing the temporal coordinate (for the first form of the 
metric) or the spatial coordinates (for the second form of the metric) to be imaginary. 
Describe briefly the transformation of spaces and coordinate systems stating relevant 
mathematical relations. 
Answer: A transformation from an nD space to another nD space is a correlation that 
maps a point from the first space (original) to a point in the second space (transformed) 
where each point in the original and transformed spaces is identified by n independent 
coordinates. The transformation of coordinates may be expressed mathematically by 
the following relation: 

Thea Tha CT eae ee Te 
where the unbarred and barred indexed u represent the coordinates of the original and 
transformed spaces and i = 1,2,...,n with n being the dimension of the spaces. 
What “injective transformation” means? Is it necessary that such a transformation has 
an inverse? 
Answer: Injective transformation means one-to-one. It is not necessary that such a 
transformation has an inverse unless it is surjective (i.e. onto) as well. 
Write the Jacobian matrix J of a transformation between two nD spaces whose coordi- 
nates are labeled as u’ and wu’ where i = 1,--- ,n. 
Answer: The Jacobian matrix of such a transformation is given by: 


dub Out, Out 
Pru a2 1 
ya | ot a Bum 
Ou™ dum Ou 
oul = Ou? oun 


State the pattern of the row and column indices of the Jacobian matrix in relation to 
the indices of the coordinates of the two spaces. 

Answer: The pattern is that the indices of wu in the numerator provide the indices for 
the rows while the indices of u in the denominator provide the indices for the columns. 
This indexing pattern may be interchanged. 

What is the difference between the Jacobian matrix and the Jacobian and what is the 
relation between them? 

Answer: The difference is that the Jacobian matrix is a matrix while the Jacobian 
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is a determinant. The relation between the Jacobian matrix and the Jacobian is that 
the Jacobian is the determinant of the Jacobian matrix and this can be expressed 
mathematically as: 

J = det(J) 


where J and J are the Jacobian and the Jacobian matrix respectively. 
What is the relation between the Jacobian of a given transformation and the Jacobian 
of its inverse? Write a mathematical formula representing this relation. 
Answer: The Jacobian of the inverse transformation is the reciprocal of the Jacobian 
of the original transformation. This relation can be expressed mathematically as: 
a ab 

ane 
where J is the Jacobian of the inverse transformation and J is the Jacobian of the 
original transformation. 
Is the labeling of two coordinate systems (e.g. barred and unbarred) involved in a trans- 
formation relation essential or arbitrary? Hence, discuss if the labeling of coordinates 
in the Jacobian matrix can be interchanged. 
Answer: Labeling one coordinate system as barred and the other as unbarred is a mat- 
ter of choice and convenience and hence it is rather arbitrary. Accordingly, the labeling 
of coordinates in the Jacobian matrix as barred and unbarred can be interchanged and 
consequently the Jacobian may be notated as unbarred over barred or barred over un- 
barred. However, although this is a pure notational matter the arbitrariness sometimes 
propagates even to the terminology where the “Jacobian” is used in reference to the op- 
posite transformation. Therefore, instead of having “Jacobian” and “inverse Jacobian” 
we prefer to have “Jacobian of the original transformation” and “Jacobian of the inverse 
transformation”. 
Using the transformation equations between the Cartesian and cylindrical coordinate 
systems, find the Jacobian matrix of the transformation between these systems, i.e. 
Cartesian to cylindrical and cylindrical to Cartesian. 
Answer: The equations of coordinate transformation between the Cartesian and cylin- 
drical systems are given by: 


Cartesian to cylindrical: p=V/2?+y? o = arctan (y/7) =z 
Cylindrical to Cartesian: X= pcos@ y = psing Peg 
For the Jacobian matrix of the transformation from Cartesian to cylindrical we have:4! 
dp _ __2 OBS an 86 9 
Ox [24 y2 Oy [p24 -y2 Oz 
Of —  =¥ dg _ _ ag _ 9g 
Ox x2+y? Oy x2+y? Oz 
Oz __ Cr Oz __ 
a, = 0 on =0 a, = 1 


[4] When we say “transformation from Cartesian to cylindrical” we mean using the Cartesian to cylindrical 


transformation equations. This similarly applies to the following transformations. 
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Therefore, the Jacobian matrix for this transformation is: 


x y 
Jor jam 
— ~y 
S| Jarep gegn 0 
0 0 ih 
For the Jacobian matrix of the transformation from cylindrical to Cartesian we have: 
0. ) : O 
dp = COS 56 = ~Psing a. = 9 
(e} : (e) O 
5p = sing 5g = pcos a = 0 
Oz __ Oz __ Oz __ 
au 36 = 9 a= 1 


Therefore, the Jacobian matrix for this transformation is: 
cos@ —psing 0 
J= 1] sing pcos¢d 0 
0 0 1 
Note: as verification test, we calculate in the following the Jacobians of the two trans- 
formations. 


The Jacobian of the transformation from Cartesian to cylindrical is: 


x x y —Yy 


J Le DO, = x = x 
(x,y, 2 + p, 9, 2) Pty w+y? Jerry? r+ y2 
= e+y 
[2 + y? (x2 + y2) 
o 1 
r+ y2 
oil 
p 


while the Jacobian of the transformation from cylindrical to Cartesian is: 


J (p,$,2 4 £,Y, z) = pcos” ¢ + psin? ¢ = p 


Hence: 
1 


P, ~,% + £,Y, 2) 


DEED Oe) 5 


as it should be. 

Repeat question 32 for the spherical, instead of cylindrical, system to find the Jacobian 
this time. 

Answer: The equations of coordinate transformation between the Cartesian and spher- 
ical systems are given by: 

Cartesian to spherical: 


r=<Vf/r?+y?4 2 6 = arccos = @ = arctan (2) 
\/a? + y? + 2? x 
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Spherical to Cartesian: 
x=rsin@cos @ y =rsin@sind z=rcosé 


For the Jacobian matrix of the transformation from Cartesian to spherical we have: 
Or __ a Or __ y Or z 


Ox [p24 y24 22 Oy [p24 y2+22 Oz 22+ y2+22 
ao za a0 _ zy a9 _ VV ty? 
Ox (w2-+y2422)4/e2+y2 Oy (22+ y2+22)4/a2+y2 Oz x2 +y2+22 


Obs oy 06 _ _ it Ope 
Ox x+y? dy — a2+y? dz 


Therefore, the Jacobian for this transformation is:!5l 


# y z 
22 zy _”M a ty? 
J (x,y, 2 as r,0,¢) — r24/a2+y? r2y/a2+y? re 
_, pe eae x 
o£ x (x? + y?) 
y(vyer+ry oy 
r ea (x? + y?) 
z ae x | zy y 
r \ p2./a? + y2 (a2 + y?)  72\/a? + y? (a? + y?) 
= a y? 22g? + xy? 
r/o +y2  r3./a2+y2 — 34/a2 + y? (x2 + y?) 
2 y? 32 
* r/e2+y? r3/e2+y2  r3/e2 +92 
et epee? 
r? / 4,2 + y? 
Pe 
pg? y2 
_ 1 
ry/a? + y? 
1 


r2 sin 6 


[51 To be concise, we replace x? + y? + 2? with r?. 
y 
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For the Jacobian matrix of the transformation from spherical to Cartesian we have: 


On gs Ox __ OS a gas d 

a, = sin cos @ a9 = 7 COS@ cos 36 = rsin@ sin @ 
Dip! > .8 : dy __ : Oy ; 

a. = sin @sin @ ag = 7 cos sin} 56 = Tsin@ cos b 
Oz __ OB te ee Oz __ 

a, = cos 6 a9 = TT sing 3g = 0 


Therefore, the Jacobian for this transformation is: 


sin@Ocos@ rcos@cos@ —rsinésind 
J(r,0,6 > 2,y,z) = | sin@ésing rcos@sing rsindcos¢ 
cos @ —rsiné 0 

= sin@cos¢(rsin@cos¢rsin@) + 

r cos@ cos ¢ (r sin @ cos @ cos @) — 

rsin@ sin ¢ (— sin @sin @r sin @ — r cos @ sin cos 0) 
= r’*sin® 6 cos? ¢ +r? cos” sin 8 cos” ¢ + 

r’ sin? @ sin? @ + r? cos 6 sin @ sin” ¢ 
= r*sin@ (sin? 6 cos” @ + cos” @ cos? ¢ + sin? 6 sin* ¢ + cos” @ sin? o) 
= r*sind (cos? o) [sin? 6 + cos” 0 + sin? d [sin? 6 + cos” 0|) 
= r’sin# (cos? $+ sin? o) 


= r’sin@ 
As we see, we have: 


1 
Oe 0,0 = x, Y; Zz) 


JIL G2. 050) = J 


as it should be. 

Give a simple definition of admissible coordinate transformation. 

Answer: An admissible coordinate transformation is a mapping represented by a suf- 
ficiently differentiable set of equations and it is invertible by having a non-vanishing 
Jacobian. 

What is the meaning of the C” continuity condition? 

Answer: The C” continuity condition means that the function and all its first n partial 
derivatives do exist and they are continuous over their domain. 

What “invariant” object or property means? Give some illustrating examples. 
Answer: An object or property is described as invariant if it does not change under 
certain admissible coordinate transformations. For example, in classical mechanics the 
value of mass is invariant under the Galilean transformations of time and space coordi- 
nates since the value of mass is an intrinsic property of the massive object and hence it 
is independent of the observer. Similarly, in the mechanics of Lorentz transformations 
Maxwell’s equations are invariant under the Lorentz transformations of spacetime coor- 
dinates since the form of these equations does not change under these transformations. 
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representing such a composition. 

Answer: Composition of transformations means a succession of transformations where 
the output of one transformation is taken as an input to the next transformation. This 
may be expressed mathematically as: 


T. (O) = Tin Tin—1 aa ToT, (O) 


where the transformations T; (i = 1,2,--- ,m) are composed to produce the composite 
transformation TJ, and O is an object that is transformed by these transformations. In 
the above equation, the output of the transformation 7, is taken as an input to the 
transformation 75 and so on until finally the output of the transformation T;,,_1 is taken 
as an input to the transformation T;,, to obtain the composite transformation Ty. 
What is the Jacobian of a composite transformation in terms of the Jacobians of the 
simple transformations that make the composite transformation? Write a mathemati- 
cal relation that links all these Jacobians. 

Answer: The Jacobian of the composite transformation is the product of the Jaco- 
bians of the individual transformations which the composition is made of. This can be 
expressed mathematically (in reference to the equation of the previous question) as: 


Je tr? A Be ree ASH JInJ, 


where J, is the Jacobian of the composite transformation JT, and J; (¢ = 1,2,--- ,m) is 
the Jacobian of the 7; transformation. 
“The collection of all admissible coordinate transformations with non-vanishing Jaco- 
bian form a group”. What this means? State your answer in mathematical and descrip- 
tive forms. 
Answer: This means that they are group in the technical sense of this term according 
to the group theory, and hence they satisfy the properties of closure, associativity, iden- 
tity and inverse. Mathematically, if we have a set of transformations T,,7>,--- defined 
on a certain domain then they should satisfy the following conditions: 
e Closure, i.e. if T; and T; are any two transformations in this group then their com- 
position T, = T;7; is also a transformation in the group. 
e Associativity, ie. if 7;,7;,7), are any three transformations in this group then we 
should have: 
T; (ZjT.) = (LiT5) Te 
e Identity, i.e. there is a single transformation 7; in the group such that: 
(chro Bes ha he 


where T;,, is any transformation in the group. 
e Inverse, i.e. for any transformation T,,, in the group there is exactly one transformation 
T,,' (which is called the inverse of T;,,) such that: 


i Bie! a ave ea 


where 77 is the identity transformation. 
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Is the transformation of coordinates a commutative operation?!§ Justify your answer 
by an example. 
Answer: The transformation of coordinates is not commutative in general and hence 
we may have 7;T; 4 T;T;. An example of this is the composition of two rotations whose 
outcome depends on the order of the rotations, as explained and demonstrated in the 
text. 
A transformation 73 with a Jacobian J3 is a composite transformation, i.e. T3 = T>T, 
where the transformations 7; and TJ, have Jacobians J; and Jy. What is the relation 
between J;, Jo and J3? 
Answer: The relation is: 

Jy = dod 


Two transformations, R, and Rp, are related by: R, Rp = J where I is the identity 
transformation. What is the relation between the Jacobians of R; and Ry? What we 
should call these transformations? 

Answer: The Jacobian of the identity transformation is 1. Therefore, the relation 
between the Jacobians of R; and Rez is: 


J, Jz =1 


where J; and Jz are the Jacobians of R; and R2 respectively. This means that J, and 
Jz are reciprocal of each other. We should call each one of these transformations the 
inverse of the other transformation. 

Discuss the transformation of one set of basis vectors of a given coordinate system to 
another set of opposite variance type of that system and the relation of this to the 
metric tensor. 

Answer: The covariant basis vectors are transformed to the contravariant basis vectors 
by the contravariant metric tensor of the system, while the contravariant basis vectors 
are transformed to the covariant basis vectors by the covariant metric tensor of the 
system. This can be expressed mathematically as: 


E’ = gE; EK; = gig! 


where E;,E; are covariant basis vectors, E’, E’ are contravariant basis vectors, 9ij 18 
the covariant metric tensor of the system and g’ is the contravariant metric tensor of 
the system. 

Discuss the transformation of one set of basis vectors of a given coordinate system to 
another set of the same variance type of another coordinate system. 

Answer: The transformation of the basis sets of the same variance type between two 
coordinate systems (unbarred and barred) is given by the following relations: 


2 Oul 
E; = -E; E; 
Out? 


1 Ou? 


(61 More accurately, “commutative” is an attribute to the composition of transformations. 
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_ Out a, =; _ Ou’ j 

Oud B a Bui 

where the indexed u and wu represent the coordinates in the unbarred and barred systems, 
while the indexed E and E are the basis vectors of the relevant variance type in the 
unbarred and barred systems. 

Discuss and compare the results of question 43 and question 44. Also, compare the 
mathematical formulation that should apply in each case. 

Answer: While in question 43 we are transforming a basis set of the same system from 
one variance type to another variance type, in question 44 we are transforming a basis 
set of the same variance type from one system to another system. As we see, the former 
is facilitated by the metric tensor of the system while the latter is facilitated by the 
Jacobian matrix between the two systems. 

Define proper and improper coordinate transformations. 

Answer: Proper transformations are those transformations that preserve the handed- 
ness (right- or left-handed) of the coordinate system such as rotation, while improper 
transformations are those transformations that reverse the handedness of the coordinate 
system such as reflection. 

What is the difference between positive and negative orthogonal transformations? 
Answer: Positive transformations consist solely of translation and rotation while nega- 
tive transformations include reflection by an odd number of axes reversal. Accordingly, 
positive transformations can be decomposed into an infinite number of continuously 
varying infinitesimal positive transformations each one of which emulates an identity 
transformation while negative transformations cannot. 

Give detailed definitions of coordinate curves and coordinate surfaces of 3D spaces dis- 
cussing the relation between them. 

Answer: The coordinate curves are the curves along which exactly one coordinate 
varies while the other coordinates are held constant, while the coordinate surfaces are 
the surfaces over which all coordinates vary except one which is held constant. Accord- 
ingly, the i” coordinate curve is the curve along which only the i“ coordinate varies 
while the i“ coordinate surface is the surface over which only the i” coordinate is con- 
stant. 

In 3D space, the coordinate curves represent the curves of mutual intersection of the 
coordinate surfaces. 

For each one of the following coordinate systems, what is the shape of the coordinate 
curves and coordinate surfaces: Cartesian, cylindrical and spherical? 

Answer: 

Cartesian: all coordinate curves are straight lines and all coordinate surfaces are planes. 
Cylindrical: the p, @ and z coordinate curves are straight lines, circles, and straight 
lines respectively, while the p, @ and z coordinate surfaces are cylinders, semi-planes 
and planes respectively. 

Spherical: the r, 6 and ¢ coordinate curves are straight lines, semi-circles, and circles 
respectively, while the r, 6 and ¢ coordinate surfaces are spheres, cones and semi-planes 
respectively. 


EF 
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Make a simple plot representing the ¢@ coordinate curve with the p and z coordinate 
surfaces of a cylindrical coordinate system. 
Answer: The plot should look somewhat like Figure 1. 


Figure 1: The ¢ coordinate curve (CC) with the p and z coordinate surfaces (CS). 


Make a simple plot representing the r coordinate curve with the @ and @ coordinate 
surfaces of a spherical coordinate system. 

Answer: The plot should look somewhat like Figure 2. 

Define “scale factors” of a coordinate system and outline their significance. 

Answer: The scale factors of a given coordinate system are factors required to multiply 
the coordinate differentials to obtain the distances traversed during a change in the 
coordinate of that magnitude. For example, in cylindrical systems the scale factor p is 
the factor that multiplies the second coordinate @ to obtain the distance d traversed 
in the space by a given change in this coordinate Ad, i.e. d = pA. Similarly, in 
spherical systems the scale factor r is the factor that multiplies the second coordinate 
@ to obtain the distance d traversed in the space by a given change in this coordinate 
Aé, ic. d = rAé. The significance of the scale factors is that they transform the 
coordinates of the system to lengths which are the real physical dimensions of the space 
and hence they facilitate the calculation of lengths, areas and volumes as well as any 
other physical variables that depend on lengths and distances. 

Give the scale factors of the following coordinate systems: orthonormal Cartesian, 
cylindrical and spherical. 

Answer: 

Cartesian (2, y,z): he = hy =h, = 1. 

Cylindrical (p, ¢, z): hp = hz =1 and hg = p. 

Spherical (r,6,¢): h, =1, he =r and hg =rsin@. 


54. 


59. 


56. 
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Figure 2: The r coordinate curve (CC) with the @ and ¢ coordinate surfaces (CS). 


Define, mathematically and in words, the covariant and contravariant basis vector sets 
explaining any symbols involved in these definitions. 

Answer: The covariant basis vectors are the tangent vectors to the coordinate curves, 
while the contravariant basis vectors are the gradient of the space coordinates and hence 
they are perpendicular to the coordinate surfaces. Mathematically, the covariant and 
contravariant basis vectors are defined respectively by: 


Or 
E; = - = Vu' 
Ou' 
where r is the position vector in Cartesian coordinates (x1,..., 2"), u’ represents general 
coordinates, and i = 1,--- ,n with n being the space dimension. 


What is the relation of the covariant and contravariant basis vector sets with the co- 
ordinate curves and coordinate surfaces of a given coordinate system? Make a simple 
sketch representing this relation for a general curvilinear coordinate system in a 3D 
space. 

Answer: As stated earlier, the covariant basis vectors are tangents to the coordinate 
curves, while the contravariant basis vectors are perpendicular to the coordinate sur- 
faces. The sketch should look something like Figure 3. 

The covariant and contravariant components of vectors can be transformed one to the 
other. How? State your answer in a mathematical form. 

Answer: The covariant components of a vector A are obtained from the contravariant 
components of A by using the covariant metric tensor g;; (or lowering operator), that 
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wCc 


Figure 3: The covariant and contravariant basis vectors of a general curvilinear coordinate 
system and the associated coordinate curves (CC) and coordinate surfaces (CS) at a given 
point P in a 3D space. 


57. 


58. 
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Ay = gij AP 
Similarly, The contravariant components of a vector B are obtained from the covariant 
components of B by using the contravariant metric tensor g’’ (or raising operator), that 
is: 
B= g? B; 
What is the significance of the following relations? 
E; - E’ = 6/ E’. Bj = 5; 


Answer: The significance of these relations is that the covariant and contravariant 
basis sets are reciprocal basis systems. 
Write down the mathematical relations that correlate the basis vectors to the compo- 
nents of the metric tensor in their covariant and contravariant forms. 
Answer: 
= iw _ pis 

E; - Bj = 9; E+E = 9 
where E;,E; are covariant basis vectors, E’,E’ are contravariant basis vectors, gi; is 
the covariant metric tensor and g” is the contravariant metric tensor. 


_ __ BYx EF ori Ey Rk : 2 
Using the equation E; = By (Bix) show that if E’, E’, E” form a right handed or 


thonormal system then E; = E’. Repeat the question using this time the equation 
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FEF — E; xEx 
clude that when the covariant or contravariant basis vector set is orthonormal then the 
covariant and contravariant components of a given tensor are identical. 

Answer: 

If KE’, E’, E* form a right handed orthonormal system then E’ - (E/ x E*) (which is the 
volume of the parallelepiped formed by the vectors E’, E/,E*) equals 1 and hence we 
have: 


where E;, E;, E, form a right handed orthonormal system. Hence, con- 


E; = E’ x E* 


However, since E’, E’, E* form a right handed orthonormal system then we should also 
have: 

E' = E! x E* 
On comparing the last two equations we conclude that E; = E*. 
The second part of the question can be answered similarly by just exchanging the vari- 
ance type of the involved vectors in the first part. 
Now, since the covariant and contravariant basis vector sets are identical when the 
covariant or contravariant basis vector set is orthonormal then by the principle of in- 
variance of tensors the covariant and contravariant components of a given tensor should 
also be identical because otherwise the tensor will vary depending on the employed basis 
set. 
State the mathematical relations between the original and transformed (i.e. unbarred 
and barred) basis vector sets in their covariant and contravariant forms under admissible 
coordinate transformations. 
Answer: These relations are given by: 


Ou) — Z Ous 
E; = _ E; = 2a Fj 
Out? Out” 
. 0u% Ss, see. OP ho 
E’ = -F EF’ = _E/ 
Ous Ou) 


where the indexed u and u represent the coordinates in the unbarred and barred systems, 
while the indexed E and E are the basis vectors in the unbarred and barred systems. 
Correct, if necessary, the following equations explaining all the symbols involved: 


By - (Bp x By) = = E' . (E? x E’) = Vg 


Answer: The correct relations are: 


EF, - (Ez x E3) = Vg Ee ES 7, 


where E,, Ea, E3 are the covariant basis vectors, E', E?, E® are the contravariant basis 
vectors and g is the determinant of the covariant metric tensor while the dot and cross 
represent the dot product and cross product operations of vectors. 
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Obtain the relation: g = J? from the relation: J’7J = (g;;| giving full explanation of 
each step. 
Answer: We start from the given relation (which is a definition): 


[ij] = I7I 


where [g;;] is the matrix representing the covariant metric tensor and J and J” are the 
Jacobian matrix and its transpose while the product on the right is a matrix product. 
By taking the determinant of both sides of this equation we obtain: 


g= JJ 


where g, J”, J are the determinants of the corresponding entities. The last relation is 
justified by the well known rule of linear algebra that the determinant of a product 
of matrices (i.e. J7J) is equal to the product of the determinants of these matrices 
(ie. JJ). Now, according to another rule of linear algebra which states that the 
determinant of a matrix is equal to the determinant of its transpose we have J7 = J 
and hence the last equation (i.e. g = J7J) becomes: 


ga J 


as required. 

State three consequences of having mutually orthogonal contravariant basis vectors at 
each point in the space justifying these consequences. 

Answer: The following are examples of these consequences (other consequences given 
in the text can also be quoted): 

(a) The covariant basis vectors should also be mutually orthogonal, i.e. E;-E; = 0 when 
i # j. The reason is that the corresponding vectors of each basis set are in the same 
direction due to the fact that the tangent vector to the i coordinate curve and the 
gradient vector of the 7” coordinate surface at a given point in the space have the same 
direction and hence if the vectors of one set (i.e. covariant or contravariant) are mutually 
orthogonal then the vectors of the other set should also be mutually orthogonal. 

(b) The covariant and contravariant metric tensors are diagonal with non-vanishing 
diagonal elements, that is: 


Gij = 9 goa (@ Aj) 
G4 F 0 gs 0 (no sum on #) 


The reason is that from the relations g;; = E;-E,; and g’? = E’- E’ we can see that 
the dot product (and hence the element of the metric tensor) is zero when the indices 
are different due to the mutual orthogonality of the basis vectors. Moreover, the dot 
product (and hence the element of the metric tensor) should be non-zero when the 
indices are identical because the basis vectors cannot vanish at the regular points of 
the space since the tangent to the coordinate curve and the gradient to the coordinate 
surface do exist and they cannot be zero. 
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(c) The diagonal elements of the covariant metric tensor and the corresponding elements 
of the contravariant metric tensor are reciprocals of each other, that is: 


ge=— (no summation on 7) 


The reason is that since the covariant and contravariant metric tensors are inverses of 
each other and they are diagonal with non-vanishing diagonal elements (as established 
in the previous point) then their corresponding diagonal elements should be reciprocal 
of each other (as proved in linear algebra). 

Discuss the relationship between the concepts of space, coordinate system and metric 
tensor. 

Answer: The required answer to this question should be no more than a short summary 
of section 2.7 (Relationship between Space, Coordinates and Metric) of the book. The 
essence of this summary is the need of any abstract space for a coordinate system to 
identify its points and describe its properties and this will lead to the emergence of the 
metric tensor as a mathematical entity that identifies and characterizes the geometric 
properties of the space locally and globally. 


Chapter 3 
Tensors 


1. Define “covariant” and “contravariant” tensors from the perspective of their notation 
and their transformation rules. 
Answer: Covariant tensors are notated with subscript indices while contravariant ten- 
sors are notated with superscript indices. A covariant tensor of rank-m is transformed 
according to the following rule: 


Re _ Our Out Ou" 
oer Oui Oui Ou™ 


while a contravariant tensor of rank-m is transformed according to the following rule: 


Apg--r 


= Ou' OW = —au™ 
Bum the Brun 
OuP Oud Our 


2. Write the transformation relations for covariant and contravariant vectors and for co- 
variant, contravariant and mixed rank-2 tensors between different coordinate systems. 
Answer: The transformation relations for covariant and contravariant vectors are: 

- Oui =; _ Ow _; 
Out Ous 


The transformation relations for covariant, contravariant and mixed rank-2 tensors are: 


= OuP Out _.. Ou da _. Ou? da 
ee ij Pq ote q 
I Oui Oui 4 - OuP Oud 2 Cs Ou’ Our? 


3. State the practical rules for writing the transformation relations of tensors between 
different coordinate systems. 
Answer: The practical rules can be summarized as follows where we transform from 
unbarred system to barred system (using A’ Hi as an example of a tensor that we trans- 
form): 
e Write the symbol of the transformed tensor on the left hand side of the transformation 
equation and the symbol of the original tensor on the right hand side: 


A=A 


e Index the original tensor with its original indices and index the transformed tensor 
with different indices noting that its indicial structure should be similar to the indicial 
structure of the original tensor: 


Al n __ aik 
Ap =A, 
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e Insert a number of partial differential operators on the right hand side equal to the 
number of free indices: 
— Oududu jp 


A! Di ges A 
ie Oududu 1 


e Index the coordinates of the transformed tensor in the numerator or denominator in 
these operators according to the order of the indices in the tensor where these indices 
are in the same position (upper or lower) as their position in the tensor: 

Ou! Ou Ou" |, 4 


SAY ee Ae | 
ae Ou Ou™ Ou 7 


e Because the transformed tensor is barred then its coordinates should also be barred: 


qin _ OW Ou Ou" ik 
m” Ob par Ou 4 
e Index the coordinates of the original tensor in the numerator or denominator in these 


operators according to the order of the indices in the tensor where these indices are in 
the opposite position (upper or lower) to their position in the tensor: 


ain - OU OW OU” 424, 
m™ Out u™ Buk” 3 
4. What are the raising and lowering operators and how they provide the link between the 
covariant and contravariant types? 
Answer: The raising operator is the contravariant metric tensor while the lowering 
operator is the covariant metric tensor. The raising operator can change covariant 
indices to contravariant indices while the lowering operator can change contravariant 
indices to covariant indices. Since these operators can change a tensor from one variance 
type to another, they provide a link between the different variance types of the tensor 
and hence they facilitate the transformation between different basis sets of a given 
coordinate system. 
5. A is a tensor of type (m,n) and B is a tensor of type (p,q, w). What this means? Write 
these tensors in their indicial form. 
Answer: It means that A is a tensor with m contravariant indices and n covariant 
indices, and B is a tensor with p contravariant indices, q covariant indices and weight 
w. In indicial form, these tensors should be written as An and Bo? 


Jn Juda’ 
6. Write the following equations in full tensor notation and explain their significance: 
Or P ’ 
Answer: 
_ Oz} ;_ ow 
= Byres ~ Bas 


where E; and E’ are covariant and contravariant general basis vectors, x’ are Cartesian 
coordinates, u’ are general coordinates and e; are Cartesian basis vectors. 
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The significance of these equations is that the covariant basis vectors are tangents to the 
coordinate curves while the contravariant basis vectors are gradients to the coordinate 
surfaces. 

7. Write the orthonormalized form of the covariant basis vectors in a 2D general coordinate 
system. Verify that these vectors are actually orthonormal. 
Answer: They are: 


Ei Ei E. = giiE2 — gi2K, 


E, By 
Ei] gu VIng 
where E, and E, are orthonormalized covariant basis vectors, E, and E are general 
covariant basis vectors, the indexed g are coefficients of the covariant metric tensor and 
g is its determinant. 


Verification: 
Ey EF, 
Pie By = ee 
= = |E,|  |E,| 
2, wreEs 
|E; |’ 
_ (IE 
|E,|? 
= 1 
es guB2 — gi2Ey  gi1E2 — gi2ky 
E,-E, = : 
V 9119 V 9119 
= (g11E2 — g12E4) - (g11E2 — 912E1) 
911g 
_ 9 19112» Ey — giigi2EK2 - Ey — gi2gi1 Ey - Ee + giogiek « Ey 
gig 
_ 911911922 — 911912921 — 912911912 + 912912911 
gig 
= 911911922 — 911912921 
Gig 
= 91 (911922 = 912921) 
gig 
= 911g 
gig 
= 1 
E Es — gyoE 
E, -E = 1 ook 2— Gioky 


V 911 V 9119 
EF - (giiE2 = gi2E) 


guVJvg 
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a, 


12; 


gi Ey - Ey — gi2F, - Ey 
GuVI 


gi1 giz — 912911 


guVJv9 


= 0 


Hence, the vectors E, and E, are orthonormal (i.e. they are orthogonal to each other 
according to the third dot product and of unit length according to the first and second 
dot products). 


. Why the following relations are labeled as the reciprocity relations? 


E; - E’ = 67 E'. E; = 6', 


Answer: Because these relations express the fact that the covariant and contravariant 
basis vectors are reciprocal systems. It is noteworthy that two sets of vectors of the 
same number of elements (e.g. V1, Wo,--- VW, and W,, Ws,-- -Ww,,)! are described as 
reciprocal to each other if they satisfy the following relations: 


V;-W; = 1 (i = j) 


. The components of the tensors A, B and C are given by: Aad BE, and C;,! ,. Write 


these tensors in their full notation that includes their basis tensors. 
Answer: 


A = A; /E'E*‘E,; B = B!” _,, EjE,E"E! C=C, ,E*E,E' 


A, B and C are tensors of rank-2, rank-3 and rank-4 respectively in a given coordinate 
system. Write the components of these tensors with respect to the following basis 
tensors: , E’E”, E;E,E,,, and E,E'E,E”. 

Answer: 


A = Ai,E'E" B = BY" E,E,E, C=C! ,* E;E'E,E” 


What “dyad” means? Write all the nine unit dyads associated with the double directions 
of rank-2 tensors in a 3D space with a rectangular Cartesian coordinate system (i.e. 
ee; +++ €3e3). 
Answer: Dyad is a rank-2 tensor obtained by the direct multiplication of two vectors. 
The nine unit dyads are: 

€1€1 €1€2 €1€3 

€2€1 €2€2  €2€3 

C3€1 — €3€2) €3&3 


Make a simple sketch of the nine dyads of exercise 11. 
Answer: The sketch should look like Figure 4. 


'7l The subscript indices are meant to label the vectors with no significance about their variance type. 
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X3 X3 X3 
e ,e ee e ,e 
1€1 7 a 1€2 a 1€3 
L3 X3 
e2e€1 €2€3 
X3 X3 X3 
e3e e3e e3e 
@, ©3891 x @, ©3882 x5 @, ©3°3 x5 


Figure 4: The nine unit dyads associated with the double directions of rank-2 tensors in 
a 3D space with a rectangular Cartesian coordinate system. 


13. 


14. 


Compare true and pseudo vectors making a clear distinction between the two with a 
simple illustrating plot. Generalize this to tensors of any rank. 

Answer: True vectors transform invariantly under coordinate transformations and 
hence they keep their direction, while pseudo vectors do not transform invariantly under 
improper orthogonal transformations which involve inversion of coordinate axes through 
the origin of coordinates with a change of system handedness since they acquire a minus 
sign under such transformations and hence they reverse their direction. The plot should 
look like Figure 5 where we see a true vector v that keeps its direction in the space 
following a reflection of the coordinate system through the origin of coordinates and a 
pseudo vector p that reverses its direction following this operation. To generalize these 
properties to tensors of any rank, we simply replace the reversal of the single direction 
in the above definition of true and pseudo vectors with the change of multi directions 
that associate tensors of higher ranks. 

Justify the following statement: “The terms of consistent tensor expressions and equa- 
tions should be uniform in their true and pseudo type”. 

Answer: Let assume that we have tensor expressions/equations with mixed terms 
(i.e. some true and some pseudo) and we transform these expressions/equations by 
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X3 


Ly a) 


Figure 5: The behavior of a true vector (v and V) and a pseudo vector (p and P) following 
a reflection of the coordinate system in the origin of coordinates. 


15. 


16. 


ive 


18. 


an improper orthogonal transformation, then the true terms will transform invariantly 
while the pseudo terms will not, and this does not make sense because these expres- 
sions/equations will behave neither as true tensors nor as pseudo tensors and hence 
they have indeterminate state. 

What is the curl of a pseudo vector from the perspective of true/pseudo qualification? 
Answer: It should be a true vector. 

Define absolute and relative tensors stating any necessary mathematical relations. 
Answer: Absolute tensors are those tensors that have no Jacobian factor in their 
transformation equation, while relative tensors have such a factor. In mathematical 
terms, the transformation equation of these two types of tensor is: 


©” Ox Ox _ Ox* Oxt Ox® _ Oxf 
Ox Ox? Ox’ Ox! OZ™ Ox” 


Diss 
a ten § 


_. ar 
Aik = 


where w = 0 for absolute tensor and w ¥ 0 for relative tensor. 
What is the weight of the product of A and B where A is a tensor of type (1, 2,2) and 
B is a tensor of type (0,3, —1)? 
Answer: The weight of A is 2 and the weight of B is —1 and hence the weight of their 
product is the sum of their weights, i.e. w= 2—1= 1. 
Show that the determinant of a rank-2 absolute tensor A is a relative scalar and find 
the weight in the case of A being covariant and in the case of A being contravariant. 
Answer: The transformation equation of a rank-2 absolute covariant tensor is given 
by: 

7 _ OuP Out 


I Out Oui 4 
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20. 


ZL, 


22; 


On taking the determinant of both sides we obtain:!®! 
OuP Ss 


|Ayl = eo Ou 


| Apa a |Apg| 


and hence the determinant of a rank-2 absolute covariant tensor A is a relative scalar 
of weight 2.19 
Similarly, the transformation equation of a rank-2 absolute contravariant tensor is given 


by: 


ig __ OU! OW ang 
OuP Ou4 
On taking the determinant of both sides we obtain: 
Ee Ou | | Ow 2 
ay) pa}| — (7-1 pq| — J-2| Apa 
|A F= uP | |dua |A [=e ) [APE eto Are 


and hence the determinant of a rank-2 absolute contravariant tensor A is a relative 
scalar of weight —2. 

Why the tensor terms of tensor expressions and equalities should have the same weight? 
Answer: The weight is a characteristic property of the tensor and its transformation 
rules and hence for consistency and homogeneity the terms of tensor expressions and 
equalities should have the same weight. We can repeat our previous argument about 
the necessity of consistency of terms with regard to their true and pseudo nature and 
hence if we transform a tensor expression or equality whose terms have different weights 
then we will not have a consistent transformation rule because different terms require 
different weights. 

What “isotropic” and “anisotropic” tensor mean? 

Answer: Isotropic tensors are those tensors whose components do not change under 
proper rotational transformations, while anisotropic tensors are those tensors whose 
components do change under such transformations. 

Give an example of an isotropic rank-2 tensor and another example of an anisotropic 
rank-3 tensor. 

Answer: The Kronecker delta is an example of an isotropic rank-2 tensor, while the 
piezoelectric moduli tensor is an example of an anisotropic rank-3 tensor. 

What is the significance of the fact that the zero tensor of all ranks and all dimensions 
is isotropic with regard to the invariance of tensors under coordinate transformations? 
Answer: The significance is that if the components of a tensor vanish in a particular 
coordinate system then they will vanish in all properly and improperly rotated coordi- 
nate systems. As a result, if the components of two tensors are equal in a particular 


(81 The symbol || stands for the determinant of the enclosed matrix. 
19] We are referring here to the equation of Exercise 16 where a scalar f should transform (according to 


that equation) as: 


al a 


and hence w = 0 for absolute scalar and w # 0 for relative scalar. 


[10] For improper rotation, this is more general than being isotropic. 
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coordinate system then they should be equal in all other systems since the tensor of 
their difference is a zero tensor and hence it is invariant. This leads to the conclusion 
that identities and equalities of tensors are invariant under coordinate transformations. 
Define “symmetric” and “anti-symmetric” tensor. Why scalars and vectors are not 
qualified to be symmetric or anti-symmetric? 

Answer: Symmetric tensors are those tensors whose component values do not change 
under certain exchange of indices, while anti-symmetric tensors are those tensors whose 
component values reverse their sign (i.e. identical magnitude with opposite sign) under 
certain exchange of indices. Accordingly, if A;; is a symmetric tensor and B;; is an 
anti-symmetric tensor, then their components will satisfy the following relations: 


Ay = +Ay 


By, = —B 


7) 

Because symmetry and anti-symmetry require at least two indices to have an exchange, 
then scalars with no index and vectors with just one index cannot be symmetric or 
anti-symmetric since no exchange of indices can be imagined. 

Write the symmetric and anti-symmetric parts of the tensor A”. 

Answer: 


At) = (A¥” + A”) (Symmetric part) 


All = 


NlRNI FR 


(A” — A”) (Anti-symmetric part) 


Write the symmetrization and anti-symmetrization formulae for a rank-n tensor A‘. 
Answer: 
Symmetrization formula: 


i 


Ain) = = (Sceven permutations of 2’s + S “odd permutations of i's) 
n! 


Anti-symmetrization formula: 


a Y. 1 
Ali-tn] — = (Screven permutations of 2’s — S “odd permutations of i's) 
n! 


Symmetrize and anti- symmetrize the tensor A’* with respect to its second and fourth 
indices. 
Answer: 

AitaRO (Aik! a Ailki) 


Ailaletd 


Oe etl NON le 


(Aue i Ai*i) 
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Write the two mathematical conditions for a rank-n tensor A“-'" to be totally sym- 
metric and totally anti-symmetric. 
Answer: The conditions are: 


Aivin = Alain) (Totally symmetric) 
Aivin = Alttn] (Totally anti-symmetric) 
Similarly: 
Alain] = Q (Totally symmetric) 
Alte) — 9 (Totally anti-symmetric) 


The tensor A;;, is totally symmetric. How many distinct components it has in a 3D 
space? 

Answer: In a 3D space, Aj;, has 3° = 27 components which correspond to all the 
possible permutations (including the repetitive ones) of the numbers 1, 2, 3. However, 
due to the total symmetry the order of the numbers is irrelevant and hence what we 
need is to extract all the possible combinations (including the repetitive ones) of the 
numbers 1, 2, 3, that is: 

Combinations with only one distinct number: 111, 222, 333. 

Combinations with only two distinct numbers: 112, 113, 122, 223, 133, 233. 
Combinations with three distinct numbers: 123. 
Accordingly, Aj;, should have 10 distinct components. 
The tensor 6;;, is totally anti-symmetric. How many identically vanishing components 
it has in a 3D space? How many distinct non-identically vanishing components it has 
in a 3D space? 

Answer: In a 3D space, Bj, has 3° = 27 components which correspond to all the 
possible permutations (including the repetitive ones) of the numbers 1, 2, 3. Now, since 
it is totally anti-symmetric then any permutation with two identical numbers should be 
zero. So, all permutations except the permutations of the combination 123 should be 
zero. Because the combination 123 has six permutations then we should have 27—6 = 21 
identically vanishing components and 6 non-identically vanishing components. These 
6 non-identically vanishing components correspond to 3 even permutations of 123 and 
3 odd permutations of 123. The components of the 3 even permutations of 123 should 
be identical and the components of the 3 odd permutations of 123 should be identical. 
Hence, B;;, should have two distinct non-identically vanishing components where these 
two differ only in sign. However, since “distinct” in such contexts means “independent” 
then we should have only one distinct non-identically vanishing component because the 
components corresponding to the even and odd permutations differ only in sign. 

All these results can be obtained from inspecting the rank-3 permutation tensor. 

Give numeric or symbolic examples of a rank-2 symmetric tensor and a rank-2 skew- 
symmetric tensor in a 4D space. Count the number of independent non-identically 


[11] 


[111Tn this context, “distinct” means “independent”. 
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vanishing components in each case. 
Answer: 
Symmetric: 


aS, 2 8 
es OQ oOo 
wae 
aww > 


The number of independent non-identically vanishing components is ant) = 10. 
Skew-symmetric: 


0 -1 -2 -4 
ks “Oh USS3* SS 
Ze 8) <6 
4 5 6 O 


The number of independent non-identically vanishing components is a = 6. 

Write the formula for the number of independent components of a rank-2 symmetric 
tensor, and the formula for the number of independent non-zero components of a rank-2 
anti-symmetric tensor in nD space. 


Answer: The formulae are: 


= n(n+1) 
2 

Ne n(n—1) 
2 


where N, is the number of independent components of a rank-2 symmetric tensor and 
N, is the number of independent non-zero (i.e. non-identically vanishing) components 
of a rank-2 anti-symmetric tensor. 

Explain why the entries corresponding to identical anti-symmetric indices should vanish 
identically. 

Answer: Because an exchange of two identical indices, which identifies the same entry, 
should change the sign of the entry due to anti-symmetry and hence the entry should 
be equal to its negative and this can be true only if the entry is identically zero. 

Why the indices whose exchange defines the symmetry and anti-symmetry relations 
should be of the same variance type? 

Answer: Because the covariant and contravariant indices correspond to different basis 
sets (i.e. contravariant and covariant respectively) and hence even if the values of the 
components satisfy the property of symmetry or anti-symmetry it does not lead to the 
symmetry or anti-symmetry of the tensor due to the involvement of different basis sets 
between which no symmetry or anti-symmetry can be defined sensibly. For example, let 
have a rank-2 mixed tensor A whose component values satisfy the relation A’ j= A} Fe 
However, since the tensor components A‘, mean A’,E,;E/ while A’, mean A’,E,E‘ then 
no symmetry or anti-symmetry can be defined for the tensor because no symmetry or 
anti-symmetry can be defined sensibly for E;E’ and EE’ due to the fact they involve 
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vectors of opposite variance type. This is unlike the situation with a rank-2 covariant 
tensor B for example because even though the component B;; means B;;E'E’ while 
the component B,;; means B;,;E’/E’ symmetry or anti-symmetry can be defined for the 
tensor since symmetry or anti-symmetry can be defined for the unique basis set, i.e. 
E’E’ and E’E’ can be seen as a symmetric basis tensor since both basis vectors belong 
to the same basis set. 

To put it in more simple terms, when the two indices are of the same variance type then 
exchanging the indices is achieved by just exchanging their values and hence we have 
B,,E"E! and B;,E’E' are symmetric or anti-symmetric in a sensible way, but when the 
two indices are of different variance type then exchanging the indices is not sufficient 
to achieve symmetry or anti-symmetry since the order of the two indices cannot be 
changed (due to their different variance type) because when we exchange the indices of 
A’ ».E\E’ we get A! E,E' (rather than A/E'E, or A;'E’E;) and hence sensible symmetry 
or anti-symmetry cannot be achieved. 

Discuss the significance of the fact that the symmetry and anti-symmetry characteristic 
of a tensor is invariant under coordinate transformations and link this to the invariance 
of the zero tensor. 

Answer: The significance is that by knowing that a tensor is symmetric or anti- 
symmetric or neither in one system we know that it is symmetric or anti-symmetric 
or neither in all other systems with no extra effort to establish its status from this 
perspective. The link between this invariance property and the invariance of the zero 
tensor is that the difference between a tensor and its symmetric associate is the zero 
tensor while the sum of a tensor and its anti-symmetric associate is the zero tensor and 
because the zero tensor is invariant across all coordinate systems then the difference or 
sum should also be invariant across all coordinate systems and this leads to the con- 
clusion that the symmetric or anti-symmetric property of a tensor should be invariant 
across all coordinate systems.|!?I 

Verify the relation A;;B’ = 0, where A;; is a symmetric tensor and BY is an anti- 
symmetric tensor, by writing the sum in full assuming a 3D space. 

Answer: We write the sum in a matrix-like form, that is: 


A,;BY = AGBe Tr PAO sa Tr AjaB™? TT 


AjcB** ifs Ass RB 1 Asa? ae 
A3, B?! a AB? 1 AssBe 


Now, because Aj; is symmetric and B” is anti-symmetric then the corresponding terms 
across the main diagonal (e.g. A;3B1? versus A3;B*! with A,3 = A3,; and B'S = —B?!) 
should be equal in magnitude and opposite in sign, that is: 


A,B" = AWB a= Ag Bb — AB” Tr 
Ay B* + AnB” — Ag B? + 


[121 Tn fact, this is not a rigorous proof but rather a demonstration since certain restrictions and extensions 


(e.g. with regard to partial symmetry or anti-symmetry) are needed to obtain the required result. 
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Agi B™ ope A3oB* LL AaB 


that is: 


Aj; BY = Aue - As; B?? i AaB 


Finally, because BY is anti-symmetric then B' = B?? = B®? = 0 and hence we have: 


as required. 

Classify the common tensor operations with respect to the number of tensors involved 
in these operations. 

Answer: Addition and subtraction, multiplication of tensor by scalar, tensor multi- 
plication and inner product involve two tensors (considering scalar as rank-0 tensor). 
Permutation involves one tensor. Contraction can involve one tensor or two tensors. 
Which of the following operations are commutative, associative or distributive when 
these properties apply: algebraic addition, algebraic subtraction, multiplication by a 
scalar, outer multiplication, and inner multiplication? 

Answer: 

Algebraic addition is commutative and associative. 

Algebraic subtraction is neither commutative nor associative. 

Multiplication by a scalar is commutative, associative and distributive over algebraic 
addition and algebraic subtraction. 

Outer multiplication is not commutative but it is distributive over algebraic addition 
and algebraic subtraction. 

Inner multiplication is generally like outer multiplication in this respect (with some 
exceptions such as the commutativity of multiplication of two vectors). 

For question 37, write all the required mathematical relations that describe those prop- 
erties. 

Answer: 

Algebraic addition: 


Algebraic subtraction: 


Multiplication by a scalar: 


Q 
— 
oa 
> 
ar 
| 
—— 
g 
sy 
> 
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Outer multiplication: 


AB 4 BA 
A(B+C) = AB+AC 


Inner multiplication: 


A-B #4 B-A 
A-(B£C) = A-B+tA-C 


The tensors involved in tensor addition, subtraction or equality should be compatible 
in their types. Give all the details about these “types”. 

Answer: The involved tensors should have the same rank, the same space dimension, 
the same indicial structure (e.g. same set of free indices, same variance type of each 
index and same order of indices), and the same basis vector set (i.e. the set, whether 
covariant or contravariant, belongs to the same coordinate system). They should also 
be of the same true/pseudo type and have the same weight w whether w = 0 (absolute) 
or w # 0 (relative).!13! 

What is the meaning of multiplying a tensor by a scalar in terms of the components of 
the tensor? 

Answer: Multiplying a tensor by a scalar means multiplying each component of the 
tensor by that scalar and hence it is a simple uniform scaling of the tensor (assuming 
the scalar is not zero). 

A tensor of type (m 1,71, w1) is multiplied by another tensor of type (mz, n2, w2). What 
is the type, the rank and the weight of the product? 

Answer: The type is (m, + m,n, + n2, Ww; + We), the rank is my + m2 +n; + n2 and 
the weight is w, + we. 

We have two tensors: A = A;jE"E! and B = B""E,E;. We also have C = AB and 
D = BA. Use the properties of tensor operations to obtain the full expression of C 
and D in terms of their components and basis tensors (i.e. C = AB = ---etc.). 
Answer: 


C = AB=4,E’E’B"E,E, = 4;;BE'E’E,E, 
D = BA = B"E,E,/A,E'E! = BY A,,E,E|E'E! 


Explain why tensor multiplication, unlike ordinary multiplication of scalars, is not com- 
mutative considering the basis tensors to which the tensors are referred. 

Answer: Referring to the previous exercise, we see that the order of the basis vectors 
depends on the order of the multiplied tensors and since the order of the basis vectors is 
significant in determining the basis tensor (e.g. E/E, # E,E’) and cannot be changed 
or reversed arbitrarily, then tensor multiplication is not commutative. This is unlike 
ordinary multiplication of scalars since scalars are not associated with basis vectors. 


[13] We note that some of these conditions are overlapping; however we prefer to put it in this way for 


clarity. 
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The direct product of vectors a and b is ab. Edit the following equation by adding a 
simple notation to make it correct without changing the order: ab = ba. 

Answer: We simply convert this to an equation of inner produce by adding a dot 
between the vectors, that is: 


a-b=b-a 


The justification is that while the direct product of vectors is not commutative, the 
inner product of vectors is commutative. 

What is the difference in notation between matrix multiplication and tensor multipli- 
cation of two tensors, A and B, when we write AB? 

Answer: In matrix notation the matrix multiplication AB represents an inner product 
operation, while in tensor notation the tensor multiplication AB represents an outer 
product operation. 

Define the contraction operation of tensors. Why this operation cannot be conducted 
on scalars and vectors? 

Answer: In tensor calculus, contraction of tensors means making two free indices of 
a given tensor or of two tensors involved in outer product identical by unifying their 
symbols. This will then be followed by performing summation over these repeated 
indices. For example, when we contract the rank-2 tensor Aj in nD space we obtain: 


Aba Ape Age ot: A" 


Similarly, when we contract the j and k indices of the outer product A;;B* in nD space 
we obtain: . 
Ajj B? = Ay B’ + ApB? +---+ AinB” 


From the above definition, we see that contraction requires two indices and hence it 
cannot be conducted on scalars and vectors since scalars have no index and vectors 
have only one index. 

In reference to general coordinate systems, a single contraction operation is conducted 
on a tensor of type (m,n, w) where m,n > 0. What is the rank, the type and the weight 
of the contracted tensor? 

Answer: The rank is m+n — 2, the type is (m — 1,n — 1,w) and the weight is w. 
What is the condition that should be satisfied by the two tensor indices involved in a 
contraction operation assuming a general coordinate system? What about tensors in 
orthonormal Cartesian systems? 

Answer: In general coordinate systems the two tensor indices that are involved in 
a contraction operation should be of opposite variance type, i.e. one covariant and 
one contravariant. However, in orthonormal Cartesian systems the variance type is 
irrelevant, since there is no difference between covariant and contravariant types in 
these systems, and hence contraction can take place between any two indices in the 
same tensor term. 

How many individual contraction operations can take place in a tensor of type (m,n, w) 
in a general coordinate system? Explain why. 

Answer: In general coordinate systems, m x n individual contraction operations can 
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take place in this tensor because we can have one contraction operation for each com- 
bination of one upper index and one lower index. 

How many individual contraction operations can take place in a rank-n tensor in an 
orthonormal Cartesian coordinate system? Explain why. 

Answer: In orthonormal Cartesian systems, a rank-n tensor can have possible 
individual contraction operations. The reason is that in these systems here is no 
difference between covariant and contravariant types and hence each one of the n indices 
can be contracted with each one of the remaining (n — 1) indices and therefore we 
should have n(n — 1) possible individual contraction operations. However, because 
the operation of contraction is independent of the order of the two contracted indices, 
since contracting 7 with 7 is the same as contracting 7 with 7, ve Ao number n(n — 1) 


nin) 1) 


should be reduced to half by dividing by 2 and hence we have “{— » distinct contraction 
operations. 

List all the possible single contraction operations that can take place in the tensor Ay. . 

Answer: Assuming a general coordinate system, we have: A¥’*, Ai*, Ak Aik Au 


im? *°li 9 *° 9m) *° lj 9 *" km)? 
cap 
and Aj”. 
List all the possible double contraction operations that can take place in the tensor 
ij 
enn: ij ij gid gi 
Answer: Assuming a general coordinate system, we have: Agns Ang Ales Aina Agni 
ij 
and A;,,;. 


Give examples of contraction operation from matrix algebra. 

Answer: Taking the trace of a square matrix is an example of a contraction operation 
on a single tensor, while matrix product is an example of an operation that contains a 
contraction operation between two tensors. 

Show that contracting a rank-n tensor results in a rank-(n — 2) tensor. 

Answer: The number of free indices in a rank-n tensor is n. On conducting a contrac- 
tion operation on such a tensor 2 free indices will be consumed since they will become 
bound indices and hence the contracted tensor will become a rank-(n — 2) tensor. 
Discuss inner multiplication of tensors as an operation composed of two more simple 
operations. 

Answer: Inner multiplication consists of an operation of outer multiplication on two 
non-scalar tensors followed by a contraction operation on two indices of the resultant 
product. Hence, inner multiplication can be seen as a composition of two more simple 
operations: outer multiplication and contraction. 

Give common examples of inner product operation from linear algebra and vector cal- 
culus. 

Answer: An example of inner product operation from linear algebra is matrix multipli- 
cation. An example of inner product operation from vector calculus is the dot product 
of two vectors. 

Why inner product operation is not commutative in general? 

Answer: Inner product operation is not commutative in general because the basis 
vectors of the basis tensor of the product are not commutative. For example, the inner 
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product operation of A = A;;E'E’ with B = B”E,E, which involves the indices j and 
k is: 
A-B = (A,E'E’) - (B“E;E;) 

= A,B (E'E’) - (E,E) 

= A, B"E' (E’ - E,) E 

= A, BYES E, 

= A, B"E'E, 
while the inner product operation of B with A which involves the same indices is: 


B-A 


(B"E,E)) - (A,jE'E’) 

= B"A,; (E,E)) - (E'E’) 

= B"A,;E, (E;- EB’) BE 

= B"A,E,6JE' 

= B'A,,E,E' 
Now, since E’E, 4 E,E’ then the two operations are different and hence inner product 
operation is not commutative. 


58. Complete the following equations where A and B are rank-2 tensors of opposite variance 


type: 
A:B=? A--B=? 


Answer: If we use the same tensors of the previous question then we have: 
A:B = (A,E'E’): (B“E,E)) 
= A,B" (E'-E,) (E’- E)) 
= Aj B"65,54 
= A,BY 


A--B = (A,E'E’) -- (B“E,E)) 
= A,B" (E’-E,) (E’ - Ex) 
= ABM" 56%, 
59. Write ab: cd in component form assuming a 3D Cartesian system. Repeat this with 


ab - - cd. 
Answer: We have: 


ab: cd = (a-c)(b-d) 
(a1C1 + A2C2 + acs) (bid; + bedz + b3d3) 
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= aycybydy + agcgbid) + a3c3b1 dy >In 


a1Cbodz + agcgbed2 + a3C3bod2 le 


a1C1b3d3 “IF dyC9b3d3 a a3C3b3d3 


ab--cd = (a-d)(b-c) 
(aid, + dod + a3d3) (by cy + bao + b3c3) 
= aydyb1c, a aodob1c1 aa a3d3b1c1 + 


a dyb2C2 + agdabec2 + a3d3b2Co ahr 


ad 1b3C3 + agdgb3c3 + a3d3b3c3 


Why the operation of inner multiplication of tensors results in a tensor? 

Answer: Because inner product operation is synthesized from an outer product opera- 
tion followed by a contraction operation and both these operations on tensors produce 
tensors. So, if we start from two tensors and subject them to outer multiplication we 
obtain a tensor, and when we subject this tensor to contraction we will also get a ten- 
sor (which is the final result of the inner multiplication). Accordingly, the operation of 
inner multiplication of tensors should produce a tensor. 

We have: A = A’E;, B = B;E! and C = C™E,,E”. Find the following tensor products: 
AB, AC and BC. 

Answer: 


AB = A'B;E,E’ 
AC = A'C™E,E,,E" 
BC = B;C™BH’E,,E” 
Referring to the tensors in question 61, find the following dot products: B-B, C-A 


and C - B. 
Answer: 


B-B = (B;E’)- (B*Ex) 
= B;B* (E’- Ex) 
= B,B*s, 
= B,B 


C-A = (C™E,,E”) - (A'E;) 
= C™A'E,, (E" - E,) 
= OVA Ee 

C™ AE 


C-B = (C™E,,E") - (BjE’) 
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= CB; (Em: E’) E” 
C™ Bib),E" 
C!,ByE" 


Define permutation of tensors giving an example of this operation from matrix algebra. 
Answer: Permutation of tensors is the operation of exchanging the position of two free 
indices. An example of this operation from matrix algebra is taking the transpose of a 
matrix by exchanging its rows and columns. 

State the quotient rule of tensors in words and in a formal mathematical form. 
Answer: The essence of the quotient rule of tensors is that if the inner product of a 
suspected tensor by a known tensor is a tensor then the suspect is a tensor. Mathemat- 
ically, if A is a suspected tensor and B and C are known tensors and we have: 


A-B=C 


then A is a tensor. 

Why the quotient rule is usually used in tensor tests instead of applying the transfor- 
mation rules? 

Answer: Because using the quotient rule is generally more convenient and requires less 
work than applying the transformation rules. Moreover, in some cases the quotient rule 
does not require actual work when we know, from our past experience, that a relation 
like the one seen in the previous question is already satisfied by our tensors so all we 
need from the quotient rule is to draw the conclusion that the suspected tensor is a 
tensor indeed. 

Outline the similarities and differences between the three main forms of tensor repre- 
sentation, i.e. covariant, contravariant and physical. 

Answer: Some valid points are: 

e All these forms are legitimate representations of tensors and hence any tensor can be 
represented covariantly, contravariantly or physically without affecting the properties 
of the tensor, i.e. all these different forms represent the same tensor. 

e The components of the covariant and contravariant forms may have different physical 
dimensions (or even dimensionless), but the components of the physical form have the 
same physical dimension. This also applies to the basis vectors of these representations. 
e The basis vectors in the physical representation are normalized and dimensionless, 
and this may not be the case in the covariant and contravariant representations. 
Define, mathematically, the physical basis vectors, E; and E*, in terms of the covariant 
and contravariant basis vectors, E; and E’. 

Answer: We have: 


E; and E’ = — 


«(El |E"| 


where |E;| and |E’| are the magnitudes of E; and E’ respectively. 
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: : +. Aikn __ hihghn 
Correct, if necessary, the following relation: Aj,’ = a 


where A is a tensor in an orthogonal coordinate system. 
Answer: The correct form of this relation is: 


A‘*” (no sum on any index) 


= ikn 2 
eu Aan (no sum on any index) 
hjh 
giem 


Why the normalized covariant, contravariant and physical basis vectors are identical in 
orthogonal coordinate systems? 

Answer: Because in orthogonal coordinate systems the corresponding covariant and 
contravariant basis vectors have the same direction and hence when they are normalized 
they become identical. So, the normalized basis vector sets of all these representations 
are the same. 

What is the physical significance of being able to transform one type of tensors to other 
types as well as transforming between different coordinate systems? 

Answer: The physical significance is that the tensor as a mathematical and physical 
entity does not change by transforming from one type to another (e.g. covariant to 
contravariant) and hence it possesses the same properties (i.e. it is invariant in this 
sense) regardless of the type by which it is represented. Moreover, the tensor is in- 
variant across all coordinates systems and hence its real properties will not change by 
transforming from one system to another. This invariant nature of tensors makes them 
very valuable tool in formulating the laws of physics which should be invariant across 
all representations and across all coordinate systems. 

Why the physical representation of tensors is usually preferred in the scientific applica- 
tions of tensor calculus? 

Answer: Because the physical representation of tensors is a standardized form where 
all the components have the same physical dimension while all the basis vectors are 
normalized and dimensionless. This uniformity facilitates the management and com- 
prehension of tensors in the scientific applications of tensor calculus. 

Give a few common examples of physical representation of tensors in mathematical and 
scientific applications. 

Answer: Many examples can be found in fluid or continuum mechanics or general 
relativity for instance where Cartesian or cylindrical or spherical coordinate systems 
with normalized dimensionless basis vectors are used to represent and formulate tensors 
(e.g. stress tensor) in physical form (refer to § 7 in the book). 

What is the advantage of representing the physical components of a tensor (e.g. A) 
by the symbol of the tensor with subscripts denoting the coordinates of the employed 
coordinate system, e.g. (A,, Ag, Ag) in spherical coordinate systems? 

Answer: One advantage is that the employed coordinate system to which the tensor 
is referred can be easily inferred from the notation. Another advantage is that the 
coordinates to which the components are referred will not be confused if the order of 
coordinates is unclear or it is susceptible to change, unlike using numbers for example 
(e.g. Aj, Ag, As) to label the coordinates. 


Chapter 4 
Special Tensors 


1. What is special about the Kronecker delta, the permutation and the metric tensors and 
why they deserve special attention? 
Answer: Some of the special characteristics of these tensors that qualify them for 
special attention are: 
e They are part of the theory of tensor calculus itself and hence they are present almost 
everywhere in tensor calculus and its applications. 
e They enter in essential definitions and operations of tensor calculus. 
e They have very distinct mathematical properties that distinguish them from other 
tensors (refer to the book for details). 

2. Give detailed definition, in words and in symbols, of the ordinary Kronecker delta tensor 
in an nD space. 
Answer: The ordinary Kronecker delta tensor, also known as the unit tensor, is a 
rank-2 numeric, absolute, symmetric, constant, isotropic tensor in all dimensions. It is 
defined in its covariant form as: 


fi Ga oe 
bij ‘ G+) (te GS eo) 


where n is the space dimension, and hence it can be considered as the identity tensor 
or matrix. The above definition similarly applies to the contravariant and mixed forms 
of this tensor (ie. 6 and 65). 
3. List and discuss all the main characteristics (e.g. symmetry) of the ordinary Kronecker 
delta tensor. 
Answer: The main characteristics of this tensor are: 
e It is a rank-2 tensor and hence it possesses n? components in an nD space. 
e It is numeric tensor and hence the values of its components are 1 and 0 in any 
coordinate system. 
e The value of any particular component (e.g. 612) of this tensor is the same in any 
coordinate system and hence it is constant tensor in this sense. 
e Its components have identical values in all variance types, i.e. 6;; = 6” = di. : 
e It is symmetric tensor for both variance types and hence 0,; = 6;; and 0% = 0%". 
e It is absolute tensor and hence its weight w is zero. 
e It possesses the above properties in any space dimension and in any coordinate system. 
4. Write the matrix that represents the ordinary Kronecker delta tensor in a 4D space. 


53 
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Answer: 
1 0 O 0 
0 Le 0 0 
0 oO 1 0 
0 O O 1 


5. Do we violate the rules of tensor indices when we write: 6; = 64 = 6 = 6)? 

Answer: No, because these equalities belong to the values of the components of the 
Kronecker delta tensor and hence they are essentially scalar equalities and not tensor 
equalities. We may claim that the indices in these equalities are labels to the individual 
components rather than tensor indices that can vary over their range. 

6. Explain the following statement: “The ordinary Kronecker delta tensor is conserved un- 

der all proper and improper coordinate transformations”. What is the relation between 
this and the property of isotropy of this tensor? 
Answer: This statement means that the components of the ordinary Kronecker delta 
tensor are constant and hence they do not change under proper or improper coordinate 
transformations. Being conserved in this sense is stronger than being isotropic because 
the former applies to both proper and improper transformations while the latter applies 
by definition only to proper transformations. 

7. List and discuss all the main characteristics (e.g. anti-symmetry) of the permutation 
tensor. 

Answer: The main characteristics of the permutation tensor are: 

e It is numeric tensor and hence the values of its components are —1, 1 and 0 in all 
coordinate systems. 

e The value of any particular component (e.g. €312) of this tensor is the same in any 
coordinate system and hence it is constant tensor in this sense. 

e It is relative tensor of weight —1 for its covariant form and +1 for its contravariant 
form. 

e It is isotropic tensor since its components are conserved under proper transformations. 
e It is totally anti-symmetric in each pair of its indices for both variance types, i.e. it 
changes sign on swapping any two of its indices. 

e It is pseudo tensor since it acquires a minus sign under improper orthogonal trans- 
formation of coordinates. 

e The permutation tensor of any rank has only one independent non-vanishing compo- 
nent because all the non-zero components of this tensor are either +1 or —1. 

e The rank-n permutation tensor possesses n! non-zero components which is the num- 
ber of the non-repetitive permutations of its indices. 

e The rank and the dimension of the permutation tensor are identical and hence in an 
nD space it is of rank-n and therefore it has n” components. 

8. What are the other names used to label the permutation tensor? 

Answer: The permutation tensor is also known as the Levi-Civita tensor, the anti- 
symmetric tensor and the alternating tensor. 

9. Why the rank and the dimension of the permutation tensor are the same? Accordingly, 
what is the number of components of the rank-2, rank-3 and rank-4 permutation ten- 
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sors? 

Answer: There are two main defining properties of the permutation tensor: 

(a) It is very abstract mathematical entity that has no association with any physical 
property of the space and hence if it is associated with any property of the space it 
should be the dimensionality of the space. 

(b) It is about permuting or alternating something and hence it should be about per- 
muting or alternating something related to the dimensionality of the space. 
Accordingly, if each independent dimension of the space is identified by an independent 
free index then the permutation tensor (whose function is to permute these indices that 
refer to the dimensions of the space) of an nD space should have n free indices and 
hence it is of rank-n, i.e. the rank and the dimension of the permutation tensor are the 
same, as claimed. 

The number of components of a rank-r tensor in an nD space is n” and hence the 
number of components of the permutation tensor in an nD space is n”. Therefore, 
the number of components of the rank-2, rank-3 and rank-4 permutation tensors are 
respectively: 2? = 4, 3° = 27 and 44 = 256. 

Why the permutation tensor of any rank has only one independent non-vanishing com- 
ponent? 

Answer: By definition, the components of the permutation tensor of any rank are 
either 0 or +1 or —1. So, if we exclude the vanishing components (i.e. 0) then all the 
remaining non-vanishing components are of unity magnitude (i.e. either +1 or —1) and 
hence we have only one independent non-vanishing component (i.e. all these compo- 
nents can be obtained from a single non-vanishing component by at most a reversal of 
sign and hence they are not independent). 

Prove that the rank-n permutation tensor possesses n! non-zero components. 
Answer: By definition, all the components of the permutation tensor with repetitive 
indices are zero while all the components of the permutation tensor with non-repetitive 
indices are non-zero (i.e. either +1 or —1). Therefore, the non-zero components of the 
permutation tensor of any rank are restricted to the non-repetitive permutations of the 
indices. Now, for rank-n permutation tensor we have n distinct indices; moreover the 
number of non-repetitive permutations of n objects is n! (i.e. n possible selections of n 
distinct objects times n— 1 possible selections of the remaining n—1 objects --- times 2 
times 1). Hence, the number of non-zero components of the rank-n permutation tensor 
is nl. 

Why the permutation tensor is totally anti-symmetric? 

Answer: By definition, the exchange of any two indices of the permutation tensor leads 
to reversal of sign and hence it is totally anti-symmetric according to the definition of 
totally anti-symmetric tensor. 

Give the inductive mathematical definition of the components of the permutation tensor 
of rank-n. 
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Answer: The components of the rank-n permutation tensor are defined inductively as: 


il (71, %2,..-,%, is even permutation of 1,2,...,7) 
ee ee | (71, %2,..-,%, is odd permutation of 1,2,...,7) 
0 (repeated index) 


State the most simple analytical mathematical definition of the components of the 
permutation tensor of rank-n. 
Answer: It is: 

€ajaz--an — enn enan I] sgn (a; = aj) 


1<i<j<n 


where sgn is the sign function. 

Make a sketch of the array representing the rank-3 permutation tensor where the nodes 
of the array are marked with the symbols and values of the components of this tensor. 
Answer: The sketch should look like Figure 6. 

Define, mathematically, the rank-n covariant and contravariant absolute permutation 
tensors, € and tt, 


Bt ee 


Answer: They are: 


Cin = WG Citemtin (Covariant) 


ee 11...4n . 

€ aa (Contravariant ) 
where the indexed € and € are respectively the relative and absolute permutation tensors 
of the given type, and g is the determinant of the covariant metric tensor g;;. 
Show that €;, is a relative tensor of weight —1 and eJ® is a relative tensor of weight 
+L. 
Answer: We start from the definition of the determinant of a rank-2 tensor in 3D space 
which we gave in this chapter of the book, that is: 


it ijk Laman 
Now, if we replace A with J, where J stands for the Jacobian matrix, then the last 
equation can be written as: 
i ee 
j= ae etm TP Ip 


where J is the Jacobian while J/ = Out and J;”" and Jj’ are defined similarly. Now, if 
we multiply both sides of the last equation with e;;, and note the identity: €;;,¢7* = 3! 


which we gave in this chapter of the book, then the last equation will become: 


lym qn 


I hide IE 


€ijk 
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€331 €332 €333 


€111 €112 €113 


Figure 6: Graphical illustration of the rank-3 permutation tensor €;;, where the black 
circles represent the 0 components, the blue squares represent the 1 components and the 
red triangles represent the —1 components. 


yo du! Ou™ Ou” 
“gk 8 Sm oa Oa Ou 
_ = Ou! Ou™ Ou” 


where the last step is justified by the fact that the permutation tensor is conserved 
across all coordinate systems and hence €;;, = Exjn-lt4l As we see, the last equation 
is the transformation equation of a covariant rank-3 relative tensor of weight w = —1 
from unbarred to barred systems and hence €;,;, is a relative tensor of weight —1, as 
required. 


[14] The reader should note that the over-bar refers to the barred system and hence it should not be 
confused with the under-bar which we use to label absolute permutation tensors. 
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If we repeat the above argument on the contravariant permutation tensor, then from 
the definition of the determinant we have: 
1 ijk Laman 


Now, if we replace A with J~!, where J~! is the inverse Jacobian matrix, then the last 
equation will become: 


sittin (I), (IY (OY), 


=) 
4 3! 


where J~! is the inverse Jacobian while (a, = Oi and (Cio and (J~); are defined 
similarly. Now, if we multiply both sides of the last equation with ¢’"” and note the 


identity: €mne"” = 3! then the last equation will become: 


eimn J-1 = esk Gy, ia (F2\° 


a j k 
I _ +1 ijk ( 7-1)! ( 7-1\™ ( 7-1)” 
cm = piety gym (myn 
—| = a 
Out OuJ Ouk 
emn oa prick Ow ou™ Ou" 
Ou’ Ou) Ouk 
where the last step is justified by the fact that the permutation tensor is conserved 
across all coordinate systems and hence ¢’”" = 2", As we see, the last equation is 


the transformation equation of a contravariant rank-3 relative tensor of weight w = +1 
from unbarred to barred systems and hence e’/* is a relative tensor of weight +1, as 
required. 

Show that ¢, 4, =/9€a..4, and 1" = Eh are absolute tensors. 

Answer: If we follow the arguments of the last question, then we should get the 
following transformation equations: 


Out Oud 
Chute Bah” Dain 
Ou Ou 


Ous! Ousn 


= -1 
Ciy.in = J 


Zitwin gt ght-dn 


Now, it was shown earlier (see Exercise 18 of § 3) that the determinant of a rank-2 
absolute covariant tensor is a relative scalar of weight 2. On applying this rule on the 
metric tensor g;;, which is a rank-2 absolute covariant tensor, we get: 


PAL = J” | Gopal 
Gg = J'9 


Vg = JVI 
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pA 


22, 


On multiplying the two sides of the first transformation equation by the two sides of 
the last equation, and dividing the two sides of the second transformation equation by 
the two sides of the last equation, we get: 

Ou! usm 


gin itn OU Da?n 
V9 J/g Our Ousn 


The last two equations mean that 


te, Ah = ¢Jl-Jn 
A/D Ching = 6s ee and =e 


transform as absolute tensors and hence they are absolute tensors, as required (noting 
the trivial difference in the labeling of indices with the labeling in the question). 
Write €2""™ €;, ;,..;, in its determinantal form in terms of the ordinary Kronecker delta. 
Answer: 


On 0%, on, 
42 120 12 
tig in Onn On OF, 
€ Cj j2-jn : : : 
in dn in 
OF OF a 


Prove the following identity: «42° €;,j,..4, = nl. 

Answer: According to the summation convention, ¢'!’?""” €;,;,..;,, is the sum of products 
of €°™ and €;,i5..i, Where both these should be 0 or +1 or —1 and hence the terms of 
this sum is either 0 or +1. Now, the number of terms of this sum is equal to the number 
of all permutations of 71, 72,+-+ 2%. However, all the permutations with repetitive indices 
are zero and hence only the terms of non-repetitive indices are equal to +1. Because 
there are n! non-repetitive permutations of 71, 72,---7, then we have n! terms of +1 and 
hence their sum is equal to n!, as required. 

State a mathematical relation representing the use of the ordinary Kronecker delta 
tensor as an index replacement operator. 

Answer: For example, in the relation 6/ AM = A! the ordinary Kronecker delta tensor 
replaced the covariant index 7 of the tensor A with the index 7 and the result is 
changing Al to A®. Similarly, in the relation OB, = Bi the ordinary Kronecker delta 
tensor replaced the contravariant index j of the tensor Bi with the index 7 and the 
result is changing B/ to Bi. 

Prove the following relation inductively by starting from writing it in an expanded form 
in a 2D space: 6) =n. 

Answer: In a 2D space we have: 


=0, $6 =141S=2=K 
Moreover, if in an nD space this relation is true, that is: 


=O tote tom Halt lt---t1l=an 
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then in an (n + 1)D space it should also be true because we then have: 


6 = 6, + 6p +--- +62 + OPt =1414---4+141=n4+1 


Hence, by mathematical induction the relation 6; = n is true in any space of any 
dimension. 

Repeat exercise 22 with the relation: ul; = 6} using a matrix form. 

Answer: In a 2D space we have: 


i fue ow ik 20) i 
wl=| 3 xe | =| 4 f= 


Moreover, if in an nD space this relation is true, that is: 


out out ut 


Bul Bud But 1, 0h 333-70 
Ouz due Ou Oe ke ee 
[u’ 1 = out Ou? Our — _ [5] 
oJ : : . 7 . 7 2. : J 
du” Ou™ Au” eat 
Sul Daz ie 00 1 


then in an (n + 1)D space it should also be true because we then have: 


Out Out Out dul 
Sul Ou out = Sunt 1 0 0 0 
Ou? Ou Ou? du rea | 0 0 
dul Ou? Our Ountl 
a _s . ‘. =, = a 
[u 5 = : _ _ [55] 
Ou” Ou” Ou” du” 
oul Ou2 dur Ount+l 0 0 1 0 
Bu®t1 durt1 Ourth du” af 0 0 0 1 
dul Ou2 Ou” Ountl 


Hence, by mathematical induction the relation ul = Oy is true in any space of any 
dimension. 

Justify the following relation assuming an orthonormal Cartesian system: 0;x; = 0;%;. 
Answer: Due to the fact that the coordinates are independent of each other, plus the 
fact that the covariant and contravariant types are the same in orthonormal Cartesian 
coordinate systems, we have: 

OD; = Ox; 


OL; Ox; Z 


Oj; j = 


where the middle equality (i.e. 6;; = 6;;) is justified by the symmetry of the Kronecker 
delta tensor. 
Justify the following relations where the indexed e are orthonormal vectors: 


Ee; ej = On Ej;e;: E,e], = dix jt 


Answer: Regarding the relation e; -e; = 6;;, because e; and e; are orthogonal when 
i # Jj then e;-e; = 0 when 2 ¥ j, and because they are normalized then e;-e; = 1 
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when i = j. These two conditions are equivalent to the conditions of the Kronecker 
delta tensor (i.e. 6;; = 0 when i # j and 6;; = 1 when i = j ) and hence e;- e; = 6;;, as 
required. 

Regarding the relation e;e;: e,€; = 0;,0;1, we have: 


Eje;: ene; = (Ee; - ex) (€; - 1) = 4ind51 


where the first equality is justified by the definition of the double inner product (i.e. 
: ) which is given in the book, while the second equality is justified by the answer of 
the first part of this question. 
Show that 6/5*d) = n. 
Answer: We have: 

06 = 00, =O = 


where in the first and second equalities the Kronecker delta is acting as an index re- 

placement operator while the third equality is based on the identity 6} = n which was 

proved earlier (see Exercise 22). 

Write the determinantal array form of €’€,; outlining the pattern of the tensor indices 

in their relation to the indices of the rows and columns of the determinant array. 

Answer: oe 
OL 

J, OF 
The pattern of the indices in the determinant array of this identity is that the indices 

of the first € provide the indices for the rows as the upper indices of the deltas while 

the indices of the second € provide the indices for the columns as the lower indices of 

the deltas. 

Prove the following identity using a truth table: «Ve, = 645 — O62. 

Answer: The truth table is given in the text where on comparing the column of €“€,, 

with the column of 6/6/ — 6/62 we see that the corresponding entries have identical 

values and hence €€,, = 64.6) — 46). 

Prove the following identities justifying each step in your proofs: 


= 615) — 5167 


€" Ex = | 


il _ st ijk a OUST aw) 
€ €kl = d; €” Elmk = 6107, — Sin O} 


Answer: Regarding the identity e’e,, = 64, we have: 


een = 61.0; — O10, 
= 2651 — dist 
= 25 — gt 
= & 


where the first line is based on the identity of the previous question with the replacement 
of j with 1, the second line is justified by the previously proved identity 6! = n (see 
Exercise 22) where n = 2 since the dimension and rank of € are identical, and the third 
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line is based on the action of the Kronecker delta as an index replacement operator. 
Regarding the identity €*€,,,, = O10, — OOF we have: 

Kern = 164,06 +5), 010F + 5,670", — S57 5%, — 61,5758 — 51,62,67 
30152, + 61,6208 + dL575* — 51625" — 361,67 — db 54,0F 
36762, + 516) + 6¢67 — d162, — 361,67 — 516%, 

= 663, — 5,64 


€ 


where the first line is justified by the identity: 


: L Obs On 
; 
CO ein =| 0, 08) “08 

OY 8m On 


with the replacement of n with k, the second line is justified by the previously proved 
identity 6; = n (see Exercise 22) where n = 3 since the dimension and rank of € are 
identical, and the third line is based on the action of the Kronecker delta as an index 
replacement operator. 

Prove the following identities using other more general identities: 


Fer, = 26) eo essn = 6 
Answer: Regarding the first identity, we have: 


Cerin = 016) — 61} 
= 36; — 616} 
= 36 =—¢6 
= 26 


where in the first line we are using the identity "ein, = 6/6, — 5t of the previous 
question with the contraction of 7 and m, the second line is justified by the previously 
proved identity 6! = n (see Exercise 22) where n = 3 since the dimension and rank of 
€ are identical, and the third line is based on the action of the Kronecker delta as an 
index replacement operator. 

Regarding the second identity, we have: 


Nesp 206; 


2x3=6 


where in the first equality we are using the first identity of this question (i.e. €*e,;, = 


26;) with the contraction of 7 and 1, while in the second equality we are using the 
previously proved identity 6} = n with n = 3. 

Outline the similarities and differences between the ordinary Kronecker delta tensor 
and the generalized Kronecker delta tensor. 

Answer: There are many valid points that can be given in the answer of this question; 
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some of these are: 

e Both Kronecker deltas are constant, numeric, absolute, isotropic tensors in all dimen- 
sions. 

e Both Kronecker deltas have close relation with the permutation tensor. They can 
both be defined in terms of the permutation tensor and they share many identities with 
this tensor. 

e While ordinary Kronecker delta is a rank-2 tensor in any space, the generalized Kro- 
necker delta is a rank-2n tensor in nD space. 

e While ordinary Kronecker delta can be covariant, contravariant or mixed, the general- 
ized Kronecker delta is always mixed with equal numbers of covariant and contravariant 
indices. 


Give the inductive mathematical definition of the generalized Kronecker delta tensor 
by eain 
Oi dn 
Answer: 
1 (j1---Jn is even permutation of 71... in) 
aes = 4-1 (j1---Jn is odd permutation of 71...%,) 
0 (repeated i’s or j’s) 


Write the determinantal array form of the generalized Kronecker delta tensor oe in 
terms of the ordinary Kronecker delta tensor. 


Answer: 
ay ay a1 
OF oF oF 
19 19 212 
jit ih OF O53 Oe 
= i : 
dn in tins 
OF On Oj, 


Define €;,.;, and ¢" in terms of the generalized Kronecker delta tensor. 
Answer: 


, lin 

€i1.in = Ob 
Vale 2 Westby 
€ — ae 


Prove the relation: €* €fmn = Can 
method. 

Answer: From the inductive definition of the entries of the permutation tensor we 
have: 


using an analytic or an inductive or a truth table 


1 (ijk is even permutation of 1,2,3) 
ee aes | (ijk is odd permutation of 1,2,3) 
0 (repeated index) 
and 
1 (Imn is even permutation of 1,2,3) 
Eimn = <( —1 (Imn is odd permutation of 1,2,3) 


0 (repeated index) 
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So, on multiplying €* with €mnn we have 9 cases: €4* €pmn = 1 when ijk and lmn 
are of the same parity (i.e. both even permutations or both odd permutations) and 
€9* €mn = —1 when ijk and lmn are of different parity (i.e. one is even permutation 
and the other is odd permutation) while ¢€* €jmn = 0 in all the remaining 5 cases (i.e. 
when one or both of €* and €jmn is zero due to repetition of index). 

Now, if we look to the inductive definition of the generalized Kronecker delta tensor in 
a 3D space: 


1 (Imn is even permutation of ijk) 
hens ess (Imn is odd permutation of ijk) 
0 (repeated index) 
we see it is essentially the same, i.e. ee = 1 when zjk and Imn are of the same 


parity (in reference to 123), Ook = —1 when ijk and Imn are of opposite parity,!45! and 


Hence, we conclude that €”* én, and 
oo as required. 

Demonstrate that the generalized Kronecker delta is an absolute tensor. 

Answer: From the relation: Ce =c¢-me, , we see that the generalized Kronecker 
delta is equal to the product of the covariant permutation tensor (which is a relative 
tensor of weight w = —1 as proved earlier in Exercise 17) times the contravariant 
permutation tensor (which is a relative tensor of weight w = +1 as proved earlier in 
Exercise 17) and hence its weight is w = 0, i.e. it is an absolute tensor, as required. 
We note that the product of tensors is a tensor whose weight is the sum of the weights 
of the original tensors. 

Prove the following relation justifying each step in your proof: 47/7 = oxi”. 

Answer: 


= 0 when the parity of one or both is ambiguous due to repetition of index. 
giok 


inn are inductively equal and hence EFF ean = 


im om gm 
Sug = | Oe Of OG 
51 68 6 


= Og (5769 — 6707) — 57" (559 — OGOE) + OG" (OE? — F754) 
= FOPOd — HENS — HORST + SIMONE + HORSE — SINE 
= 365 — dd"d? — B5;"2 + Hrdrd! + SORE — 6msrse 
= (Bd Ot = 6h OP = BOS Oar Oman = 56" 


[15] These implications are ultimately based on the rules of parity, that is: 


even X even = even 

odd x odd = _ even 
even x odd = odd 
odd x even = odd 


where the first implication is represented by the first two equalities while the second implication is 
represented by the last two equalities. 
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= ORO — 07" OR 


m m 
= | ko] 
n n 
k 0; 
= mn 
= Onl 


Justification: 

Line 1 is based on the definition of the generalized Kronecker delta in 3D. 
Line 2 is based on the definition of expansion of determinant. 

Line 3 is based on the distributivity of multiplication over algebraic addition. 
Line 4 is based on the identity 6) = n with n = 3 (see Exercise 22). 

Line 5 is based on using the ordinary Kronecker delta as an index replacement operator. 
Line 6 is based on the operations of addition and subtraction. 

Line 7 is based on the definition of expansion of determinant (in reverse). 
Line 8 is based on the definition of the generalized Kronecker delta in 2D. 
Prove the common form of the epsilon-delta identity. 

Answer: We have: 


ijk 


Se a Olmk 

= Of, 

_ | a 6, 

| 6) 8d, 

= 15m — 5n5t 
Justification: - 
Line 1 is based on the identity €* €mn = hae (which we proved in Exercise 35) with 
ae 


Line 2 is based on the identity 6,77 = df/" which we proved in the last question. 
Line 3 is based on the definition of the generalized Kronecker delta in 2D. 

Line 4 is based on the definition of expansion of determinant. 

Prove the following generalization of the epsilon-delta identity: 


aj = 
9° GKtEjmn = GkmJin — JknGJim 


Answer: On multiplying the two sides with g*”g'”" we get: 


ggg item = Gem Ging "g” — GinGimgg” 


On raising the indices, we obtain: 
jmn —_ kl amon 
€ Ejmn = IE Gn Im 


eimn 


Now, from the identities: €””" = “7g Simn = J/9€jmn and 9; = 6 we get: 


jmn | — gkest mon - skcl m 
€ Ejmn = 040) =O; Om = 0,0) = 
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where the last step is based on employing the Kronecker delta as an index replacement 
operator. Noting that the rank and dimension of the permutation tensor are identical 
(i.e. 3 in this case), we have (using previously proved identities):!!4 


Ne = 23 


Ohba bm = (3 X83 = 6 


and hence the identity @”"€jmn = 6:6; — 6” (which is obtained from the identity 
9 € sta jmn = JkmJin — JknJim) is correct. Therefore, the identity ea = JemJin — 
Gin Gin. 18 valid. 27] 

List and discuss all the main characteristics (e.g. symmetry) of the metric tensor. 
Answer: The main characteristics are: 

e It is arank-2 symmetric absolute non-singular tensor. 

e It has covariant, contravariant and mixed types with the latter being the same as the 
identity tensor. 

e It is used for raising and lowering of indices and hence it facilitates the conversion of 
tensors from one variance type to another. 

e It enters in the definition and formulation of many standard concepts and operations of 
tensor calculus and hence it is present everywhere in tensor calculus and its applications. 
e It contains vital information about the main characteristic features of the space and 
its geometric properties. 

How many types the metric tensor has? 

Answer: It has three types: covariant g;;, contravariant g'’ and mixed g! = 6). 
Investigate the relation of the metric tensor of a given space to the coordinate systems 
of the space as well as its relation to the space itself by comparing the characteristics 
of the metric in different coordinate systems of the space such as being diagonal or not 
or having constant or variable components and so on. Hence, assess the status of the 
metric as a property of the space but with a form determined by the adopted coordinate 
system to describe the space and hence it is also a property of the coordinate system 
in this sense. 

Answer: As a tensor, the metric should have significance regardless of any coordinate 
system where this significance is represented by the fact that it summarizes the char- 
acteristics of the space and its geometric nature such as being flat or curved. However, 
the metric tensor is closely related to the underlying coordinate system of the space 
through the relations: 


gi = H,-5; 


[16] The relation 66! — 6™ = (3 x 3) — 3 = 6 may not be obvious to some. Hence, we can relabel the 


dummy index m to obtain: 


5k 5! — 6m = 5k 5! — 5k = 68 (61 —1) =3 x 2=3!=6 


[17] Alternatively, we may reverse the proof to obtain the required result. 
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gj, = E'-E,; 


which link the entries of the metric tensor to the basis vectors which are intimately 
related to the coordinate system since the covariant basis vectors are the tangent vectors 
to the coordinate curves, while the contravariant basis vectors represent the gradient of 
the space coordinates and hence they are perpendicular to the coordinate surfaces. The 
close relation between the metric tensor and the coordinate system is reflected in many 
aspects. For example, the metric tensor is constant for rectilinear coordinate systems 
and variable for curvilinear coordinate systems because the basis vectors are constant 
for the former and variable for the latter. Another example is that the metric tensor 
is diagonal when the coordinate system of the space is orthogonal and this is justified 
by the above relations between the entries of the metric tensor and the basis vectors 
since the basis vectors of orthogonal systems are mutually perpendicular and hence the 
dot product will vanish when i # 7. These examples, among others, represent the close 
relation between the adopted coordinate system and the form of the metric tensor. 
Based on the above discussion, we can conclude that although the essence of the metric 
tensor is related to the nature of the space and hence it is independent of the coordinate 
system, the form of the metric tensor is highly dependent on the coordinate system. So 
in brief, the metric tensor summarizes essential properties of the space and hence it is 
independent of the employed coordinate system of the space, but the form of the metric 
tensor is highly dependent on the employed coordinate system and hence it is closely 
related to the employed coordinate system. Accordingly, the premise that is suggested 
in the question (i.e. the metric is a property of the space but with a form determined 
by the adopted coordinate system to describe the space and hence it is also a property 
of the coordinate system) is fully justified. 
What is the relation between the covariant metric tensor and the length of an infinites- 
imal element of arc ds in a general coordinate system? 
Answer: The relation is: 

(ds)? = gjjdu'du! 
where gj; is the covariant metric tensor, the indexed wu are general coordinates and 
i,j =1---n with n being the dimension of the space. 
How will the relation in question 43 become (a) in an orthogonal coordinate system 
and (b) in an orthonormal Cartesian coordinate system? 
Answer: In an orthogonal coordinate system it becomes: 


(ds)? = » (h;)? duédu' 


where h; is the scale factor of the i" coordinate and i = 1---n with n being the 
dimension of the space. 
In an orthonormal Cartesian coordinate system it becomes: 


(ds)? = dx'dx' 
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where z’ is a Cartesian coordinate, i = 1---n (with n being the dimension of the space) 
and sum over 7 is implied. 

What is the characteristic feature of the metric tensor in orthogonal coordinate systems? 
Answer: It is diagonal, that is: 


gig = 9 g” =0 AJ) 
9i3 FO g’ #0 (i= 9) 
Write the mathematical expressions for the components of the covariant, contravariant 


and mixed forms of the metric tensor in terms of the covariant and contravariant basis 
vectors, E; and E’. 


Answer: 
Gij E; . i; 
g! — -. FF 
J E'-E; 


Write, in full tensor notation, the mathematical expressions for the components of the 
covariant and contravariant forms of the metric tensor, g;; and g’’. 
Answer: 


= Oe Oat 
os Ou! Oul 
ij Ou’ Ou’ 
g = pe ae 
Ox* Oxk 


What is the relation between the mixed form of the metric tensor and the ordinary 
Kronecker delta tensor? 
Answer: They are identical, that is: 

9 = 9; 
Explain why the covariant and contravariant metric tensor is not necessarily diagonal 
in general coordinate systems but it is necessarily symmetric. 
Answer: The basis vectors, whether covariant or contravariant, in general coordinate 
systems are not necessarily mutually orthogonal and hence the metric tensor is not 
diagonal in general since the dot products which are given in the answer of a previous 
question (ie. gj; = E;-E,; and g? = E’- E’) are not necessarily zero when i 4 j. 
However, since the dot product of vectors is a commutative operation (i.e. E; -E; = 
E,; -E; and E'. E’ = EY -E’), the metric tensor is necessarily symmetric (i.e. gi; = 9ji 
and g = g’*). 
Explain why the diagonal elements of the covariant and contravariant metric tensor in 
general coordinate systems are not necessarily of unit magnitude or positive but they 
are necessarily non-zero. 
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Answer: Since the basis vectors, whether covariant or contravariant, in general coor- 
dinate systems are not necessarily of unit length, then the diagonal elements (which 
are given by gi, = E;-E; = |E;|° and g” = E’- E’ = |B'|? with no sum on 4), are 
not necessarily of unit magnitude. Also, since the coordinates in some general coordi- 
nate systems can be imaginary, then the diagonal elements can be negative. However, 
because the basis vectors cannot vanish at the regular points of the space (since the 
tangent to the coordinate curve and the gradient to the coordinate surface do exist and 
they cannot be zero), then the dot products (i.e. E; -E,; and E’- E’), and hence the 
diagonal elements of the metric tensor (i.e. gj; and g”), should necessarily be non-zero. 
Explain why the mixed type metric tensor in any coordinate system is diagonal or in 
fact it is the unity tensor. 

Answer: As given earlier, the mixed type metric tensor is given by g; = E'-E;. Now, 
since the covariant and contravariant basis sets are reciprocal systems (i.e. the dot 
product between their corresponding elements is 1 and between their non-corresponding 
elements is 0), then we should have: 


gj, = E'-E, = | (i =) 
gj, =E'-E; = 0 (i # J) 


The second relation means that the mixed type metric tensor is diagonal and the first 
relation (combined with the second relation) means it is the unity tensor. 
Alternatively, we have: 


gung'! = 6 
KR = §& 


where line 1 represents the fact that the covariant and contravariant metric tensors are 
inverses of each other while the second line is based on using the metric tensor as an 
index shifting operator. Hence, the mixed type metric tensor is diagonal and it is the 
unity tensor. 

Show that the covariant and contravariant forms of the metric tensor, g;; and g'’, are 
inverses of each other. 

Answer: The covariant and contravariant forms of the metric tensor are given by: 


= jeu e: 
Hi Out Ou 
ij Ou’ Oul 
Qa ee a ae 
Oe" Ox" 


Multiplying them as two matrices, we have: 


jk O8™ Ox™ Out Jul 
Deis Ow Oud Ox” Ox” 
Ox™ Ox™ OuF 


Ou Ox” Ox” 


4 


53. 


54. 
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Ox™ Ox” Ou 
‘Oui Ox™ Ox” 
Ox™ Juk 

dui Ax™ 
Out 

Out 

ae 


where lines 2, 4 and 5 are the chain rule of differentiation, line 3 is the identity 0;7; = 
0;x; in orthonormal Cartesian systems (see Exercise 24), and line 6 is the identity 
u', = 63 (see Exercise 23). 
Similarly: 
ij Ou’ Out Ox” Ox” 

79 Aa dx” Oui Ouk 
Out OL" Ox” 
or Onl Our 
Ou07" Ox" 
On On" Our 
Ou On” 
on™ Our 
Ou! 
OuF 
ae 


where the lines are similarly justified as in the first part. 
Hence, the covariant and contravariant forms of the metric tensor are inverses of each 
other, as required. 
Why the determinant of the metric tensor should not vanish at any point in the space? 
Answer: Because the metric tensor should be invertible (i.e. non-singular) at every 
point in the space (i.e. we should have covariant and contravariant types globally if we 
are supposed to have an appropriate coordinate system). 
If the determinant of the covariant metric tensor g;; is g, what is the determinant of 
the contravariant metric tensor g’!? 
Answer: It is the reciprocal of g, i.e. 1/g. This can be easily inferred from the fact 
that the covariant and contravariant forms of the metric tensor are inverses of each 
other. 
Show that the metric tensor can be regarded as a transformation of the ordinary Kro- 
necker delta tensor in its different variance types from an orthonormal Cartesian coor- 
dinate system to a general coordinate system. 
Answer: From the definition of the metric tensor in its different variance types, we 
have: 
-- OE OE 
3 Bui Oui 
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57. 


ij Ou’ Ou! 
G° = DRAk 
Oxk Oxk 
a, OUwOr! 
55 Bak Bud 
These equations can be written as: 
= OE OF. 
= Bur oui 
gi = Ou! Ou! kl 
Oxk Ox! 
oe 2. SOUP OR 3. 
T5  Agk ui! 


where they are justified by the fact that the ordinary Kronecker delta tensor is an index 
replacement operator plus the fact that in orthonormal Cartesian systems all variance 
types of the Kronecker delta tensor are equal, i.e. 0,;e;e; = Oe; = O1;@;. As seen, 
the last three equations are the transformation equations of the ordinary Kronecker 
delta tensor in its different variance types from an orthonormal Cartesian coordinate 
system to a general coordinate system, as required. 

Justify the use of the metric tensor as an index shifting operator using a mathematical 
argument. 

Answer: Let have a vector A which can be covariant or contravariant and hence we 
have A = A;E/ = A’E,. So, let inner-multiply this vector with E;, that is: 


A -E; = AJE; - Ej = A’g;i 


On comparing these two equations and taking account of the invariance of vector (i.e. 
its independence as a tensor from the employed basis set), we conclude that A; = A’gji, 
i.e. the covariant metric tensor is an index lowering operator. 

Similarly, let inner-multiply this vector with E’, that is: 


A-E' = A;E’-E' = Ajq"" 
A-E! = A’E,-E' = Ald; = A’ 


On comparing these two equations and taking account of the invariance of vector, we 
conclude that A’ = Aj;g’", i.e. the contravariant metric tensor is an index raising 
operator. 

The above argument which employs a vector A can be easily generalized to non-scalar 
tensors of any rank and hence we conclude that the metric tensor is an index shifting 
operator, as required. 

Carry out the following index shifting operations recording the order of the indices when 
necessary: 

9? Cray Iran Bs Gen 
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61. 


62. 


63. 


Answer: 


9 Crag = Cy! 
Grin BY = Bust 
What is the difference between the three operations in question 57? 
Answer: The first is an index raising operation using the contravariant metric ten- 
sor, the second is an index lowering operation using the covariant metric tensor, and 
the third is an index replacement operation using the mixed type metric tensor (or 
Kronecker delta). 
Why the order of the raised and lowered indices is important and hence it should be 
recorded? Mention one form of notation used to record the order of the indices. 
Answer: As indicated before, tensors are referred to basis vector set and hence the 
order of indices of tensors is important because it determines the order of the basis 
vectors to which the tensor is referred. We may also need to reverse the index shifting 
operation that we conducted earlier in a later stage. Therefore, the order of the raised 
and lowered indices is important and hence it should be kept and recorded. One form 
of notation that is used to record the order of the indices is to insert a dot to indicate 
the original position of the shifted index. 
What is the condition that should be satisfied by the metric tensor of a flat space? Give 
common examples of flat and curved spaces. 
Answer: The metric tensor of a flat space can be represented by a diagonal form 
with all the diagonal elements being +1 or —1. Examples of flat spaces are plane, 3D 
Euclidean space and 4D Minkowski space. Examples of curved spaces are sphere and 
ellipsoid. 
Considering a coordinate transformation, what is the relation between the determinants 
of the covariant metric tensor in the original and transformed coordinate systems, g and 
Gg? 
Answer: The relation is: 
g=TF’g 
where J is the Jacobian of the transformation. 
B is a “conjugate” or “associate” tensor of tensor A. What this means? 
Answer: It means that B is obtained from A by inner product multiplication of A by 
the covariant or contravariant metric tensor. 
Complete and justify the following statement: “The components of the metric tensor 
are constants zff ...etc.”. 
Answer: “The components of the metric tensor are constants iff the Christoffel symbols 
of the space metric vanish identically”. This can be justified by the mathematical 
definitions of the Christoffel symbols of the first and second kind (which are given 
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in the text)!*! since the derivatives (and hence the Christoffel symbols) must vanish 
identically when the components of the metric tensor are constant. Similarly, when the 
Christoffel symbols vanish identically then in the general case the components of the 
metric tensor must be constant (refer to Exercise 20 in § 5 for more details). 

64. What are the covariant and absolute derivatives of the metric tensor? 
Answer: The metric tensor is like a constant with respect to tensor differentiation 
and hence the covariant and absolute derivatives of the metric tensor are zero in all 
coordinate systems. 

65. Assuming an orthogonal coordinate system of an nD space, complete the following 
equations where the indexed g represents the metric tensor or its components, i ~ j in 
the second equation and there is no sum in the third equation: 


Answer: 
a 1 
det (9’) SS 
911922 +++ Ynn 
GiGi = 0 
ii i 
Gi ee 
Gii 


66. Write, in matrix form, the covariant and contravariant metric tensor for orthonormal 
Cartesian, cylindrical and spherical coordinate systems. What distinguishes all these 
matrices? Explain and justify. 

Answer: 
Orthonormal Cartesian in 3D: 


- 1 0 0 
al [g4ps Oe o1. 30 
0 0 1 
Cylindrical: 
1 0 0 7 1 0 0 
l%]=| 0 p? 0 [*])=| 9 @ 0 
0 1 0 0 1 
Spherical: 
1 O 0 - 1 0 0 
[9:5] = 0 r? 0 [9] = 0 5 0 
0 O. r?sin?@ 0 O soy 
[18] These definitions are: 
1 
[i7,k] = 5 (O; gin + O:gjk — OnGiz) 
rT, = gr (A; 9 + O:9;1 — O19%5 
ig = D FGil + 1G jl 1917) 
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All these matrices are diagonal because all these coordinate systems are orthogonal. 
Referring to question 66, what is the relation between the diagonal elements of these 
matrices and the scale factors h; of the coordinates of these systems? 

Answer: The relation is: 


Gi = (Ay)? = 7 (no sum on 7) 
where g;; and g” are the i‘” diagonal elements of the covariant and contravariant metric 
tensor and h, is the scale factor of the i*” coordinate. 
Considering the Minkowski metric, is the space of the mechanics of Lorentz transfor- 
mations flat or curved? Is it homogeneous or not? What effect this can have on the 
length of element of arc ds? 
Answer: The space of the mechanics of Lorentz transformations is flat because the 
metric tensor is diagonal with all the diagonal elements being +1 or —1, but it is not 
homogeneous because the metric tensor is not the unity tensor. The effect is that the 
length of element of arc ds can be imaginary. 
Derive the following identities: 


1 


JimOnG 9" OK Gim Gig = —Grgj GniOngr” 


Answer: We have gimg’! = gi = 6) . On taking the partial derivative of both sides of 
this equation we obtain: 


Or (Gag ) O,6! 
GimOng’”? +9 OnGim = 0 
GimOngh? = —g"" Ongim 


which is the first relation. We note that the second line is justified by the product rule 
of differentiation and the fact that the components of the Kronecker delta tensor are 
constants. 

Regarding the second relation, we start from the first relation and hence we have: 


GimOng™ = —g"™ Ok Gim 
GF OnGes. => —Geg 
Gg Ongin = —ginOng”™! 

Imj J OnGin = ~9mg GinOng™! 
GinAGin = —GmjGinOng” 
OP Ongin = —ImjJinOng”! 

OnGim = —GmgginOng™ 
On Gi; = —UnGnOKo. 
OnGi; = Grainne” 


where in line 2 we exchange the two sides and multiply them by —1, in line 3 we relabel 
mas n, in line 4 we multiply both sides by gm,;, in line 5 we use the metric tensor as 
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, in line 7 we use the 
Kronecker delta as an index replacement operator, in line 8 we exchange the labels of 
the indices m and 7, and in line 9 we use the symmetry of the metric tensor. 
What is the dot product of A and B where A is a rank-2 covariant tensor and B is a 
contravariant vector? Write this operation in steps providing full justification of each 
step. 
Answer: We have A = A;,E"E! and B = B*E, and hence: 


an index shifting operator, in line 6 we use the identity g”, = 0” 


A-B = (A,E‘E’) - (B*E;) 
Aj; B* (E' - E,) E’ 
Aj; BY 6, E! 

= A,B‘! 


where line 1 is based on the definition of dot product and the definition of A and B, 
lines 2 and 3 are based on the definition of dot product of basis vectors and the relation 
between them and the Kronecker delta, and line 4 is based on using the Kronecker delta 
as an index replacement operator. 

We can similarly have: 


A-B = (AjjB‘E’) - (BYE,) 
= Aj;;B* (EB! - E,) E’ 
= A, BE 
= Ay BLE 
where the lines are similarly justified. 
Derive an expression for the magnitude of a vector A when A is covariant and when A 


is contravariant. 
Answer: If A is covariant then A = A;E’ and hence: 


Al 


= JAiA, 


where line 1 is a definition of the magnitude of a vector, line 2 is the definition of 
covariant vector, lines 3 and 4 are based on the definition of dot product of basis 
vectors and the relation between them and the metric tensor, and line 5 is based on 
using the metric tensor as an index shifting operator. 

If A is contravariant then A = A’E; and hence: 
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73. 


| 
ave 


(A'E,) - (A’E;) 
= ,/(E,-E,) A‘A 


= V9ijA'A) 
= /A,A 


where these lines are similarly justified as in the first part. 

As seen, these expressions are identical. 

Derive an expression for the cosine of the angle 6 between two covariant vectors, A and 
B, and between two contravariant vectors C and D. 

Answer: We have: 


A-B 
AB) 
A,E’ - B;E/ 

VA,EF - A|E! /B,,E™ - B,E" 

gi AB; 
VO AAV Oo Bae, 

A’B; 

VATA; VB" Br 


where line 1 is a definition of the cosine of angle between two vectors, line 2 is based on 
the definition of covariant vector and the definition of magnitude of a vector, line 3 is 
based on the relation between the dot product of basis vectors and the metric tensor, 
and line 4 is based on using the metric tensor as an index shifting operator. 

Similarly, we have: 


cos 0 


C-D 


C| |D| 


cos 0 


C'E; - DIE; 
VCkE, - CE, /D"E,, - D"E,, 
G30 D? 
C;D3 


where these lines are similarly justified. 

As seen, these expressions are identical (apart from the different labels of vectors). 
What is the meaning of the angle between two intersecting smooth curves? 

Answer: It is the angle between the tangent vectors of these curves at the point of 
intersection. 
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What is the cross product of A and B where these are covariant vectors? 
Answer: It is: 
Ax B=" A,BjEx 


where €)* is the absolute permutation tensor in its contravariant form. 


Complete the following equations assuming a general coordinate system of a 3D space: 
EB; x E; =? E’ x E) =? 
Answer: 
E,xE; = 65° 


E’x EY = ¢'R, 


where ¢;;,, and eJ* are the absolute permutation tensor in its covariant and contravariant 
forms. 

Define the operations of scalar triple product and vector triple product of vectors using 
tensor language and assuming a general coordinate system of a 3D space. 

Answer: 


The scalar triple product of covariant vectors A, B and C is given by: 
A-(Bx C) = &€"*A;B;C;, 


where ¢’)* is the contravariant absolute permutation tensor. 
The scalar triple product of contravariant vectors A, B and C is given by: 


A- (Bx C) =6,,A'B'C* 


where ¢;,;, is the covariant absolute permutation tensor. 
The vector triple product of a covariant vector A and two contravariant vectors B and 
C is given by: 

A x (B x C) = 654, A;BIC*E, 
The vector triple product of a contravariant vector A and two covariant vectors B and 
C is given by: 

A x (B x C) = €ime A’ BjC,E™ 
What is the relation between the relative and absolute permutation tensors in their 
covariant and contravariant forms? 
Answer: The covariant absolute permutation tensor ¢,,_ 
relative permutation tensor €;,..;,, times \/g, that is: 


Ci in OCs cas, 


where g is the determinant of the covariant metric tensor. 
The contravariant absolute permutation tensor €’'*" is equal to the contravariant rel- 
ative permutation tensor ¢'!'" divided by /9, that is: 


in 18 equal to the covariant 


een = ¢eil-tn 


VI 
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Define the determinant of a matrix B in tensor notation assuming a general coordinate 
system of a 3D space. 
Answer: It is: 


Te as 
det (B) = 3 Oimn Bi By" Be 


where ed is the generalized Kronecker delta of 3D space and B is represented by its 
mixed form. 

Derive the relation for the length of line element in general coordinate systems: (ds)? = 
gijdu'du?. How will this relation become when the coordinate system is orthogonal? 
Justify your answer. 


Answer: We have: 
(ds)? = dr-dr 
= E,du'- Edu! 
= gijdu'dul 


where r is the position vector in general coordinates, E; and E; are covariant basis 
vectors, u' and u/ are general coordinates and g;; is the covariant metric tensor. Line 
1 is based on the definition of ds from first principles, line 2 is based on the definition 
of position vector in its infinitesimal differential form, line 3 is based on the definition 
of dot product, and line 4 is based on the relation between the dot product of basis 
vectors and the metric tensor. 

When the coordinate system is orthogonal, this relation becomes: 


(ds)? = S$ (hy)* du'du' 


a 


where h, is the scale factor of the i‘ coordinate. The reason is that in orthogonal 
systems the metric tensor is diagonal where the i‘” diagonal (covariant) element is 
given by gi; = (h;)”, and hence: 


(ds)? = gyjdu'du? = yy (h;)° du'du' 
i 
Write the integral representing the length L of a t-parameterized space curve in terms 
of the metric tensor. 
Answer: The integral is: 
du’ dus 

TO Gt dt 
where ¢; and tz are the values of t corresponding to the start and end points of the 
curve respectively, g;; is the covariant metric tensor of the space and u’ and uw’ are 
general coordinates representing the path of the curve. As usual, we are assuming that 
the argument of the square root is non-negative since we are dealing with real values. 
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81. Using the equation (ds)? = S>, (h;)? du’du’ plus the scale factors (which are given in 


82. 


a table in the book), develop expressions for ds in orthonormal Cartesian, cylindrical 
and spherical coordinate systems. 
Answer: In orthonormal Cartesian systems we have: h, = hy = h3 = 1. Hence: 


(ds)? = do (hi)? dutdu' 
= (di')* + (dir?)* + (da*)* 
= (dx)? + (dy)? + (dz)? 


In cylindrical systems we have: hy; = h3 = 1 and hg = p. Hence: 


(ds)? = S© (hi)? du'du’ 


(dp)* + p” (dd)? + (dz)? 


In spherical systems we have: hy = 1, hp =r and h3 = rsin@. Hence: 


(ds)? = os (h;)° duidut 


= (dr)? aT (d0)° +r? sin? @ (dd)? 


Derive the following formula for the area of a differential element on the coordinate 
surface u’ = constant in a 3D space assuming a general coordinate system: 


do(u' = constant) = \/gg%duidu* (#9 #k, no sum on 2) 


How will this relation become when the coordinate system is orthogonal? 
Answer: We have: 


do(u'=C) = |dr; x dr,| 

Or Or 
Ow Ouk 
= |E,; x E,|du’du* 

= /gvE'-E' du du* 

= a/gafg" du) du* 

VJ gg dud du* 

where o represents area, C’ is a constant, dr; and dr, are the infinitesimal displacement 
vectors along the 7” and k“” coordinate curves that define the area element while the 


du) du* 
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other symbols are as defined previously. We should also impose the condition i 4 7 4k 
with no sum over i in g”. 

Line 1 is based on the definition of vector cross product and its relation to the area of 
the parallelogram that is defined by the vectors, line 2 is the chain rule in multi-variable 
differentiation, line 3 is based on the definition of covariant basis vectors as tangents 
to the coordinate curves, line 4 is based on the definition of cross product in general 
coordinate systems, line 5 is based on the rules of modulus, line 6 is based on the 
relation €;,; = \/gejni and the fact that |€j,;| = 1 (since i 4 7 # k) plus the definition of 
the magnitude of a vector, and line 7 is based on the relation between the contravariant 
basis vectors and the elements of the contravariant metric tensor. 

In orthogonal coordinate systems of a 3D space we have: 


Jog = | oornnrene ey = hyhy (i A 7 #k, no sum on any index) 


and hence the above relation becomes: 
do(ui = C) = hjhyduidu* 


where i ¢ 7 £k and no sum on Jj or k. 

Using the equation do(u' = C) = hjh,du’du* plus the scale factors (which are given in a 
table in the book), develop expressions for do on the coordinate surfaces in orthonormal 
Cartesian, cylindrical and spherical coordinate systems. 

Answer: In orthonormal Cartesian systems we have: h, = hg = h3 = 1. Hence: 


doe GC); = ‘didZ 
do(y=C) = dudz 
dolz=C) = dady 


In cylindrical systems we have: h; = h3 = 1 and hg = p. Hence: 
do(p=C). = pdodz 

dpdz 

do(z=.C) =-pdpdo 


Q 
g 
a 
I 
QQ 
| 


In spherical systems we have: hy = 1, hp =r and h3 = rsin@. Hence: 
dalr=C) r? sin 6d0d@ 
do(@=C) = rsin@drd¢ 
do(¢=C) = rdrdé 


Derive the following formula for the volume of a differential element of a solid body in 
a 3D space assuming a general coordinate system: 


dr = \/gdu'du*du® 
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How will this relation become when the coordinate system is orthogonal? 
Answer: We have: 


dr = |dr,- (dr x dr3)| 

Or Or Or 
~ aul (5 ‘ sa) 
= |E, - (E, x E3)| du'du7du® 
= |E, - €53,E' | du'du*du® 
= |E,- E'| |€o31| du*du?du® 
by | |eo3, | du'du?du® 


= /gdu'du7du® 


du'du?du? 


where 7 represents volume, dr, dra, dr3 are the three infinitesimal displacement vectors 
that define the element of volume along the corresponding coordinate curves, g is the 
determinant of the covariant metric tensor g;; and the other symbols are as defined 
previously. 

Line 1 is based on the definition of scalar triple product of vectors and its relation to 
the volume of the parallelepiped that is defined by the vectors, line 2 is the chain rule in 
multi-variable differentiation, line 3 is based on the definition of covariant basis vectors 
as tangents to the coordinate curves, line 4 is based on the definition of cross product 
in general coordinate systems, line 5 is based on the rules of modulus, line 6 is based 
on the relation between the basis vectors and the Kronecker delta, and line 7 is based 
on the relation €53; = \/Gé231 and the fact that |€o3;| = 1 plus the fact that |d/| = 1. 
In orthogonal coordinate systems of a 3D space we have ,/g = hih2h3 and hence the 
above relation becomes: 


dt = hyhoh3 du'du*du? 


Make a plot representing the volume of an infinitesimal element of a solid body in a 3D 
space as the magnitude of a scalar triple product of three vectors. 

Answer: The plot should look similar to Figure 7. 

Use the expression of the volume element in general coordinate systems of nD spaces 
to find the formula for the volume element in orthogonal coordinate systems. 
Answer: The generalized volume element dr in general coordinate systems of nD 
spaces is given by the formula: 


dr = ./gdu'...du” 


where g is the determinant of the covariant metric tensor g;; and the indexed u are 
general coordinates. In orthogonal coordinate systems we have \/g = h,---h, and 
hence the formula becomes: 


dr = hi---hpdu'...du” 


with no summation over n. 
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Figure 7: The volume of an infinitesimal element of a solid body in a 3D space in the 
neighborhood of a given point P as the magnitude of the scalar triple product of the 
infinitesimal displacement vectors in the directions of the three coordinate curves at P, 
dr,, dry and dr3. 


87. Using the equation dr = hyhgh3 du'du*du? plus the scale factors (which are given in 
a table in the book), develop expressions for dr in orthonormal Cartesian, cylindrical 
and spherical coordinate systems. 

Answer: In orthonormal Cartesian systems we have: hy = hg = h3 = 1. Hence: 


dr = dxdydz 
In cylindrical systems we have: hy, = h3 = 1 and hg = p. Hence: 
dt = pdpdddz 
In spherical systems we have: hy = 1, hp =r and h3 = rsin@. Hence: 


dr = r* sin Odrdédd 


Chapter 5 
Tensor Differentiation 


1. Why tensor differentiation (represented by covariant and absolute derivatives) is needed 

in general coordinate systems to replace the ordinary differentiation (represented by par- 
tial and total derivatives)? 
Answer: Because the basis vectors in the general coordinate systems are coordinate 
dependent and hence the differentiation of tensors should extend to the basis vectors 
and not restricted to the components and this results in the tensor differentiation, i.e. 
covariant and absolute differentiation. In brief, tensor differentiation is the differenti- 
ation of a tensor in its two parts (i.e. the components and the basis vectors to which 
these components are referred) since both these parts are coordinate dependent and 
hence they are variable and should be subject to the process of differentiation. 

2. Show that in general coordinate systems, the ordinary differentiation of the components 
of non-scalar tensors with respect to the coordinates will not produce a tensor in gen- 
eral. 

Answer: Let have a tensor A of type vo n) coordinated by a general coordinate system 
and hence A = Ane e Bi, Ej, E” ---E where both An ie and E;,, --- E;,, EB”! --- E 
are variables that depend on oe ae Now, let differentiate this feasoe with respect 
to the k*” coordinate using the product rule of differentiation, that is: 


0,A = (O, Ap) E;, ---E;,,E” --- BE" + AROS, (E;,---E,,,E” ---E’) 


As we see, the ordinary differentiation is valid only if the second term on the right hand 
side vanishes identically which is not the case in general coordinate systems since the 
basis vectors in these systems are not constant. Accordingly, the ordinary differentiation 
is just part of tensor differentiation and hence it will not produce a tensor in general 
since a tensor is produced only by the full differentiation process of a tensor. 

3. “The Christoffel symbols are affine tensors but not tensors”. Explain and justify this 
statement. 
Answer: It means that these symbols transform like tensors in affine coordinate sys- 
tems but not in general coordinate systems. The justification is that: let transform 
a Christoffel symbol of the first kind from one general system (unbarred) to another 
general system (barred) to see if it will transform like a tensor or not. To ease the 
notation, let use lower case indices for the original system (unbarred) and upper case 
indices for the transformed system (barred). Accordingly, the covariant metric tensor 
is transformed by the following equation: 


Ou’ Ou® 


gig = Irs T Out = GrsOpu' Oju> (1) 
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The Christoffel symbols of the first kind in the barred system are defined as: 


1 
J, K] = 3 (Os9K1 + O19sK — OKG1) (2) 


So, let take the partial derivative of both sides of Eq. 1 with respect to index kK and 
substitute in Eq. 2, that is: 


Oxgrs = OK (GrsOru" Ozu") 
= OkGrsOu Osu> + GrsOrKU' Osu" + Ors OF KU" 
= OGrsOxu'Opu' Oyu? + GrsOrKU" Oju® + grsOpu" Oj KU" 


where the last step is justified by the chain rule. By using cyclic replacement of indices 
in the last equation, we obtain: 


OjGKI = OGirO ju On Oru" oT JirOx UOpu ale GrOKu' Oru" 


OgsK = O,gstOru" OjwOqu" Tr gt0j We Owe’ +r gst0 jw OK’ 


On relabeling the dummy indices to unify the notation and noting the commutativity 
of partial differential operators (i.e. 0;0; = 0;0;), we obtain the following relations: 


Oxgrs = GrsOxu'Oru' Osu? + grsOrcu' Oyu® + Gru" Op KU 
OF9KI = OGrsOju' Onu' Opu* Te GrsOJKU Op" Tr GrsOKU Oru 
OngsK = OGrsOru' Oyu’ Ou® Tr GrsOT JU OKW a GrsOJU' OrKU 


On substituting from these expressions into Eq. 2 (marking canceled terms with similar 
type of brackets and noting the symmetry of the metric tensor and the insignificance 
of the labels of dummy indices) we obtain: 


2UJ,K) = 7961+ O1gsK — OKg1s 
= AGrs0jwOKqu' Our + (GrsOKU' Opu*) + GrsOxu" Opus + 
OGrsOU' Oyu Oew + GrsO1jU' OK + [Grsju" Or KU] — 
OGrsOxu' Oru’ Ozu =e [GrsOrKkU' Oyu" =. (grsOru' Os KU") 


= OGrs0ju' qu Opus + OgrsOru' Osu Oxu® — OGrsOxu' Oru’ Oyu" 
+9rsOKU' OU? + GrsOpsu' OKu 


On relabeling the dummy indices in the last equation noting the symmetry of the metric 
tensor we get: 


2 [I J, K] OG,s0 ju Oxu" dus + 0,90 WOwOqu’ — O,g1OKu' Opusd jul 
+9rsOKU' Ou" + GrsO1 JU OK 
= (O1Grs + Os Gtr oa O;gst) Oyu Oqu' Opus 


+29-s0Ku' Or jue 
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= 2[st,r] Oju'Oxu’ Opu® + 29,s0Ku" Op yu 

On dividing both sides by 2 we obtain: 

J,K] = [st,r] Oju'Ocu" due + gpsOxu' Opus 

Out Ou" Oue Ou" OPu 

Bul Buk dul | 9" uk Auldul 

i.e. the Christoffel symbol of the first kind transforms like a tensor but with an added 
term (i.e. the second term on the right hand side of the last equation). Hence, the 
Christoffel symbol of the first kind transforms like a tensor only if the second term 
vanishes identically and this is true only in affine systems where the second partial 
derivative is zero, i.e. the Christoffel symbols of the first kind are affine tensors but not 
general tensors. 
The above argument can be easily extended to the Christoffel symbols of the second 
kind since they are obtained from the Christoffel symbols of the first kind by raising 
an index and hence if the original “tensor” is only an affine tensor and not a general 
tensor then the raised “tensor” should also be an affine tensor and not a general tensor 
because the operation of raising indices does not change the nature of tensor. 

4. What is the difference between the first and second kinds of the Christoffel symbols? 
Answer: They differ in an index where it is covariant in the first kind and contravariant 
in the second kind. 

5. Show that the Christoffel symbols of both kinds are not general tensors by giving 

examples of these symbols being vanishing in some systems but not in other systems 
and considering the universality of the zero tensor. 
Answer: As we established earlier, the zero tensor is invariant across all coordinate 
systems and hence if a tensor is zero in one system it must be zero in all other systems. 
Accordingly, if the Christoffel symbols of both kinds are tensors then when they vanish 
in one coordinate system they must vanish in all other systems. However, this is not 
true since the Christoffel symbols of both kinds vanish in Cartesian coordinate systems 
but not in cylindrical or spherical coordinate systems for instance and hence they cannot 
be tensors unconditionally, i.e. they are not general tensors. However, since they vanish 
across all affine systems (and hence they are invariant across all these systems) then 
they should be affine tensors. 

6. State the mathematical definitions of the Christoffel symbols of the first and second 
kinds. How these two kinds are obtained from each other? 

Answer: The Christoffel symbols of the first and second kind are defined respectively 


=. ||st,7"| 


by: 
uy 1 
[j,k] = 3 (Oj Giz + Oigjr — OnGij) 
kl 
ne = S (Oj ga + Oigy1 — O1giz) 


where the indexed g are the covariant and contravariant forms of the metric tensor. As 
seen, the second kind is obtained from the first kind by raising an index while the first 
kind is obtained from the second kind by lowering an index. 
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. What is the significance of the Christoffel symbols being solely dependent on the co- 


efficients of the metric tensor in their relation to the underlying space and coordinate 
system? 

Answer: The sole dependency of the Christoffel symbols on the coefficients of the 
metric tensor means that they are variable functions of the coordinates of the space 
like the coefficients of the metric tensor. Hence, when the coefficients are constants 
(i.e. independent of coordinates) the Christoffel symbols will vanish identically over 
the whole space. In this case, the Christoffel symbols will reflect a property of the 
space (i.e. being flat) and a property of the system (i.e. being affine or rectilinear). 


. Do the Christoffel symbols represent a property of the space, a property of the coordi- 


nate system, or a property of both? 

Answer: As discussed earlier, the metric tensor contains essential information about 
the geometric nature of the space and hence it is a property of the space and depends 
on the nature of the space. However, the metric tensor also depends in form on the 
employed system for coordinating the space and hence it can also be regarded as a prop- 
erty of the coordinate system. Accordingly, the dependency of the Christoffel symbols 
on the coefficients of the metric tensor means that they are a characteristic property of 
both the underlying space and the employed coordinate system and hence they reflect 
certain features of the geometric nature of the space as well as certain features of the 
employed coordinate system. 


. If some of the Christoffel symbols vanish in a particular curvilinear coordinate system, 


should these some necessarily vanish in other curvilinear coordinate systems? Justify 
your answer by giving some examples. 

Answer: No. For example, in cylindrical systems we have only 3 non-vanishing 
Christoffel symbols but in spherical systems we have 9 non-vanishing symbols and 
hence some of the vanishing symbols in cylindrical systems, such as [33,1], correspond 
to non-vanishing symbols in spherical systems. 

Verify that the Christoffel symbols of the first and second kind are symmetric in their 
paired indices by using their mathematical definitions. 

Answer: The Christoffel symbols of the first kind are given by: 


ee 1 
[27,0] = 9 (O; 9:1 + 91951 — 9:5) 


On shifting the paired indices we obtain: 
i,t] = 5 (Oigg + Oj9u — O19;:) 


2 
1 

= 3 (Oj Git ole Oi; O19;i) 
1 


ae (Oj git Tr Agi — 19%) 


where in line 2 we just exchanged the first and second terms, while line 3 is justified by 
the symmetry of the metric tensor. 
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12, 


13. 


Similarly, the Christoffel symbols of the second kind are given by: 


gt 
r= a (Ojg + Oigj1 — 1945) 


On shifting the paired indices we obtain: 


kl 
be = > (Digg + O59: — O19;i) 
gt 
= oy (O59 Tr Oi9jl = O19;i) 
gt 
= a (O59 am O:9j1 = n9i;) 
= [* 


where in line 2 we just exchanged the first and second terms, while line 3 is justified by 
the symmetry of the metric tensor. 
Correct, if necessary, the following equations: 


0;B; = -T'},E, 6,E* = -T%,,E” 


Answer: The second equation is correct while the first equation should be corrected 
by removing the minus sign. 
What is the significance of the following equations? 


Answer: The first and second equations mean that the Christoffel symbols of the 
second kind are the projections of the partial derivative of the basis vectors in the 
direction of the basis vectors of the opposite variance type, while the third equation 
means that the Christoffel symbols of the first kind are the projections of the partial 
derivative of the covariant basis vectors in the direction of the basis vectors of the same 
variance type. 

Derive the following relations giving full explanation of each step: 


Oj;gu = [69,0 + [ly] ike = 0; (In /9) 


Answer: Regarding the first relation, from the definition of the Christoffel symbols of 
the first kind we have: 


- 1 

dl: = 3 (Oj9u + O:9j1 — 19:3) 
= 1 

7,4] = 5 (O;9u + 193: — A191) 


where the second equation is obtained from the first by exchanging 2 and /. On adding 
the two sides of these equations we obtain: 


“4 - 1 
tea) = 5 (0; 9: + O:951 — 19; + O39 + 95 — A:M1;) 


5 


14. 
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1 
5 (Ojgat + O1g31 — C1913 + Ojga + A192 — A951) 

1 
= 5) (Oj git +r |; Jit) 
= Oj Gil 


which is the required result. We note that line 2 is justified by the symmetry of the 
metric tensor. 
Regarding the second relation, the Christoffel symbols of the second kind are given by: 


kl 
g 
rh = iy =e (Ojgu + Ogg — 19i;) 


where the symmetry in 7 and j (according to the first equality) was justified in Exercise 
10. On contracting k with 7 we obtain: 


jt 
ly = — (Oj9a + 01951 — O19%;) 
(9 Oj 9:1 “TF 9 Oigit = go OG%; ) 


(9 Oigi3 + 9:93 — 91913) 


ar) (9 O1gij alr g digit = g O1gii) 


a 59" Oigyt 


which is the required result. We note that in line 3 we relabeled the dummy indices 
j and / in the first term, in line 4 we used the symmetry of the metric tensor (i.e. 
g') = g’'), in line 7 we used the expression of the derivative of the determinant g of the 
covariant metric tensor g;; (see Exercise 17), in line 8 we used the rule of differentiation 
of natural logarithm, and in line 10 we used the rule of power of logarithm. 

Assuming an orthogonal coordinate system, verify the following relation: |ij,k| = 0 
wherei AJ Fk. 


Answer: In orthogonal coordinate systems the metric tensor is diagonal and hence 
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16. 


Gmn = 0 when m # n. From the definition of the Christoffel symbols of the first kind 
we have: 


ie 1 
[29, k] = = (Oj9in + O:9j% — OnGi;) 


2 
Therefore, when i 4 7 # k then we have gi, = gjx = gi; = 0 and hence [ij, k] = 0. 
Assuming an orthogonal coordinate system, verify the following relation: M, = 50; In gi 


with no sum over 2. 
Answer: According to the definition of the Christoffel symbols of the second kind we 
have: 

Pn — g" Lik, 1] 
In orthogonal coordinate systems the metric tensor is diagonal and hence g” = 0 when 
i #1. Therefore, the above equation becomes: 


with no sum over 7. Moreover, in orthogonal systems we have: 
g =— (no sum over 7) 


and hence: ik] i 
, J yo 
(at = — (dyg;; + 0594; — 059; 
at Gii 2Gii ( Ri C59 9i) 
where the definition of the Christoffel symbols of the first kind is used in the second 
equality. On unifying & with 7 we obtain: 
1 


L = Dg (Ms + O59: — O:g;i) 


= (0:9; aI Oj ii = 05917) 
1 


= 005, 
294i af 


1 
= 52) In gii 


(with no sum over i) which is the required result. We note that line 2 is based on 
the symmetry of the metric tensor and line 4 is based on the rule of differentiation of 
natural logarithm. 

Considering the identicality and difference of the indices of the Christoffel symbols of 
either kind, how many cases we have? List these cases. 

Answer: We have 4 main cases: 

(a) All the indices are identical. 

(b) Only two non-paired indices are identical.!% 


['9lTn fact, we have two possibilities for this case but because of the symmetry of the Christoffel symbols 


in their paired indices they are combined in a single case. 
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(c) Only the two paired indices are identical. 
(d) All the indices are different. 
17. Prove the following relation which is used in Exercise 13: 0;g = gg'0;9j1. 
Answer:?°! According to the standard definition of determinant (which is given in any 
linear algebra text), the determinant g of the covariant metric tensor gj; is given by: 


g= Jia" 


where G"* is the cofactor of the entry gj, and summation convention applies to a only 
since 7 represents a given row (or column). On taking the partial derivative of the two 
sides of the last equation with respect to the entry g;; and using the product rule of 
differentiation we obtain: 

Og _ ia OGia oe OG" 

OG: OG: aoe OG: 
Now, according to the definition of the cofactor G’* of the entry gia, G’* contains no gi; 
(i.e. G’* is independent of g;;) and hence the second term is zero because the partial 
derivative is zero, that is: 


0 ; 0 ta 
09%; 09%; 

Moreover, since the entries of a row (or a column) are independent of each other, we 

should have:!?!) 


OGia _ 5) 
Ogij 
Therefore, we have: 
Og _— Giag55 — Gi 
Ogi; . 


By the chain rule of differentiation we also have: 


Og _ 99 Ogav _ Arab PGab 


Oxt = Ogu Ot Ox? 
Now, the contravariant metric tensor is the inverse of the covariant metric tensor, and 
hence from the definition of matrix inverse we should have (noting the symmetry of the 
metric tensor): 


doo Ge 
g 
On comparing the last two equations we conclude: 


g 


Og _ ab OGab 


Oat 99 Gy 
[201 This answer is almost an exact replica (with some explanatory remarks) of the proof given in the 
Sokolnikoff book which I cited in the References of my book. 
[21] An upper index in the denominator of partial derivative is like a lower index in the numerator, and 
hence a lower index in the denominator (i.e. j in g;;) should be like an upper index in the numerator 
(ie. j in 62). This similarly applies to the next equation. 
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1: 


On relabeling the dummy indices and using shorthand notation, we obtain: 
Aig = 9g" Digg 


which is the required result. 

In orthogonal coordinate systems of a 3D space the number of independent non-identically 
vanishing Christoffel symbols of either kind is only 15. Explain why. 

Answer: In a 3D space we have 27 Christoffel symbols of either kind representing 
all the possible permutations of the three indices including the repetitive ones. In or- 
thogonal coordinate systems the Christoffel symbols of either kind vanish when the 
indices are all different. This was established in Exercise 14 for the first kind, and 
when the first kind vanishes the second kind also vanishes according to the definition 
of the second kind which was given earlier. Hence, out of a total of 27 symbols, only 
21 non-identically vanishing symbols are left since the 6 non-repetitive permutations 
are dropped. Now, since the Christoffel symbols are symmetric in their paired indices, 
then only 15 independent non-identically vanishing symbols will remain since 6 other 
permutations representing these symmetric exchanges are also dropped because they 
are not independent. 

Verify the following equations related to the Christoffel symbols in orthogonal coordi- 
nate systems in a 3D space: 


pes 1] — hihi - Sa 


Answer: The first equation is verified in the main text and hence, instead of repeating 
we verify another entry, say [22,1] = —hgh2,, that is: 


[22, 1] = —=01922 


= —hyh» 1 


where line 1 is justified by the relation |i, 7] = — 40; 9 in orthogonal systems (i 4 7, no 
sum on 7) which is given in the main text, line 2 is justified by the relation gj; = (hj)? 
in orthogonal systems (no sum on 7), line 3 is justified by the rules of differentiation, 
and lines 4 and 5 are simple algebraic manipulation and notation. 

Regarding the second equation, we have: 


[oy = == e593 
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21, 


35 019% in orthogonal systems (no sum 
on 7) which is given in the main text, line 2 is justified by the relation g;; = (hj)? in 
orthogonal systems (no sum on 2), line 3 is justified by the rules of differentiation, and 
lines 4 and 5 are simple algebraic manipulation and notation. 

Justify the following statement: “In any coordinate system, all the Christoffel symbols 
of either kind vanish identically <ff all the components of the metric tensor in the given 
coordinate system are constants”. 


Answer: From the definition of the Christoffel symbols, i.e. 


where line 1 is justified by the relation M, = 


Bs it 
ijk] = 3 Oigin + OG; — O95) 
ie 2 ea Aaa 
ig = “py Ojgu + Agu — gis) 


we can see that both kinds are sum of terms containing partial derivatives of components 
of the metric tensor. Therefore, if all the components of the metric tensor are constants 
then all these partial derivatives will vanish identically and hence the Christoffel symbols 
will also vanish identically. Similarly, if we consider the general case of curvilinear 
systems then when the Christoffel symbols vanish identically then the individual partial 
derivatives must vanish identically and hence all the components of the metric tensor 
must be constants. In other words, if the Christoffel symbols of the first kind vanished 
identically but the individual partial derivatives did not vanish identically then we 
should have: 

OjGik + O:Gjn = OnGiy 
which cannot be true in general since the components of the metric tensor in the above 
equation are independent of each other. This argument similarly applies to the Christof- 
fel symbols of the second kind, as can be seen from the above definition of re (noting 
also that g* cannot vanish identically)./??! 
Using the definition of the Christoffel symbols of the first kind with the metric tensor 
of the cylindrical coordinate system, find the Christoffel symbols of the first kind cor- 
responding to the Euclidean metric of cylindrical coordinate systems. 


21 The more formal way of proving the “only if” part (i.e. if the Christoffel symbols vanish identically 


then all the components of the metric tensor in the given coordinate system are constants) is to use 
the fact that when the Christoffel symbols vanish identically the covariant derivative becomes partial 
derivative. Now, by the Ricci theorem, the covariant derivative of the metric tensor is zero and hence 
the partial derivative is zero in this case. Accordingly, the metric tensor must be constant, as required. 
However, we think our argument is simple, sufficient and more clear. 
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Answer: As explained earlier (see Exercise 18), we should have 27 symbols. How- 
ever, because cylindrical coordinate systems are orthogonal then we should have only 
15 independent non-identically vanishing symbols which are:!?%) 


11,1] = 5 (ign pa ae 5 (pl er ee ae 

11,2) = ; Cone ee ; (0,0 + 8,0 — dg1) =0 

11,3) = ; Cure Teen ; (9,0 + 8,0 — d,1) =0 

12,1) = ; Ce ee ; (41 + 8,0 — 8,0) = 0 = [21,1] 
1), = ; (O2912 + 01.922 — 02912) = ; (030 + 0,p” — 8,0) = p = [21,2] 
13,1] = ; Cree ree ; (0.1 + ,0 — 9,0) =0 = 31, ] 
13,3) = ; Scales PaaS ; (9,0 + 3,1 — 8,0) =0 = [31,3] 
22,1) = ; (Ooga1 + 02921 — 01922) = ; (030 + 050 — Opp”) = —p 

22,2) = ; Co eee ; (Ago? + gp? — Ago?) = 0 

22,3) = ; (02903 + O2g23 — 03922) = ; (030 + 050 — 0.9?) =0 

23.9) = 5 (Asgen + 02932 — 02923) = ; (0,p” + 0,0 — 440) = 0 = [32, 2] 
23,3) = ; Ce emer ee ; (9,0 + 941 — 9,0) = 0 = [32,3] 
33,1) = ; Cree tree ; (0,0 + 8,0 — 8,1) = 

33,2] = ; Ener ee ; (8,0 + 8,0 — 41) =0 

33,3] = ; Ce eee ; Cheech ee 


while the remaining 6 symbols are identically zero. 
22. Give all the Christoffel symbols of the first and second kind of the following coordinate 
systems: orthonormal Cartesian, cylindrical and spherical. 
Answer: 
Orthonormal Cartesian: all symbols of both kinds are zero. 


23] We note that 0), 02, and 03 mean 0,, 0g, and 0,. We also note that in cylindrical systems we have 
gu. = 1, g22 = p” and g33 = 1 while all the other entries are zero. Also, “non-identically vanishing” 
here means from the perspective of orthogonal systems although some are identically vanishing from 
the perspective of cylindrical systems. 
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23. 


24. 


Cylindrical: all symbols of the first kind are zero except the following: 
[22,1] = -p 
PL 2h ese, 21D) SS: 2p 
All symbols of the second kind are zero except the following: 
P32 = —Pp 
i 


te. SS = 
12 21 p 


Spherical: all symbols of the first kind are zero except the following: 


22,1) = =7 
33,1) = —rsin?@ 

19-9) =. 219) & 

33,2) = —r’sin@cos@ 

13,3] = [81,3] = rsin?@ 
23,3) = [32,3] = r?sin@cosé 


All symbols of the second kind are zero except the following: 


Ty = -T 
T33 = —rsin?@ 

1 
Tt a V3 = ee 

; 
[3, = —sin@cosd 

1 
T'3 = P31 re ae 
Le Se | eS: Seoke 


Mention two important properties of the Christoffel symbols of either kind with regard 
to the order and similarity of their indices. 

Answer: One property is the symmetry of these symbols in their paired indices, i.e. 
[i7,&] = [gi,k] and re = ry. Another property is that in orthogonal systems these 
symbols vanish identically when all their indices are different, i.e. [ij,k] = 0 and 
Tk =0 when i #j #k. 

Using the analytical expressions of the Christoffel symbols of the second kind in orthog- 
onal systems plus the entries of the table of scale factors (which is given in the book) 
and the properties of the Christoffel symbols of the second kind, derive these symbols 
corresponding to the metrics of the coordinate systems of question 22. 

Answer: 

Orthonormal Cartesian: all the scale factors are 1. Moreover, all the analytical ex- 
pressions of the Christoffel symbols of the second kind in orthogonal systems contain 
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25. 


26. 


derivatives of the scale factors and these derivatives must be zero. Hence, all these 
symbols are zero. 

Cylindrical: the scale factors are h, = h3 = 1 and hy = p. Hence, all these symbols 
must be zero except those whose analytical expression contains derivative of hy with 
respect to p, i.e. hoi, that is: 


h O i 
Tin = 4 = = = =Th 
2 p p 
hohe 1 po, pP 
in — a ? 5 Pp — 
22 (a)? 2 p 


Spherical: the scale factors are hy = 1, hy = r and h3 = rsin6@. Hence, all these symbols 
must be zero except those whose analytical expression contains derivative of hz with 
respect to r (i.e. hg1) or derivative of hg with respect to r (i.e. h31) or derivative of hs 
with respect to @ (ie. hg), that is: 


hoa O,r 1 
io = Fes ge [si 
hoh Oo. 
(hi) 1 
PB = 4 hg, O,r(rsin@) — sind = 1 | r 
3 hg siarsin@=—siarsinO or! 
rl, = Sa Ae snort sin 0) ey 
1 
Pe yaa Ms _ 9% = _ = =igat 
3 rsin rsin 
2, = _fishs, _ _7 sind (rsin 8) sa = — sin @ cos 0 
33 (hy)? r2 r2 


Write the following Christoffel symbols in terms of the coordinates instead of the indices 
assuming a cylindrical system: [12,1], [23,1], 3, and [3,. Do the same assuming a 
spherical system. 

Answer: 

Cylindrical: [p¢, p], [¢z, p], ys and TZ... 

Spherical: [r0,r], [0¢,7r], T,. and ee 

Show that all the Christoffel symbols will vanish when the components of the metric 
tensor are constants. 

Answer: The Christoffel symbols of the first and second kind are defined as. 


= 

Ss: 

2a 
| 


(Oj 9ik + Oigjn — OG) 


eee Re ree ee 
ij; = os Gil + Oi gg — 195) 


5 TENSOR DIFFERENTIATION 96 


2s 
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As we see, both kinds are sum of terms containing partial derivatives of components 
of the metric tensor. Therefore, when all the components of the metric tensor are 
constants all these partial derivatives will vanish identically and hence the Christoffel 
symbols will also vanish identically. 

Why the Christoffel symbols of either kind may be superscripted or subscripted by the 
symbol of the underlying metric tensor? When this (or other measures for indicating 
the underlying metric tensor) becomes necessary? Mention some of the other measures 
used to indicate the underlying metric tensor. 

Answer: The purpose of the superscripts and subscripts is to indicate the metric from 
which the Christoffel symbols are derived (see the definition of the Christoffel symbols 
which is given in the answer of the previous question). 

This becomes necessary when in a given context we have two or more different metrics 
related to two or more different spaces or systems and hence the metric of the symbols 
requires clarification. 

Indicating the underlying metric tensor of the Christoffel symbols may also be done 
by using different types of indices for each metric, e.g. by using Latin or upper case 
indices for the Christoffel symbols of one metric and Greek or lower case indices for the 
Christoffel symbols of the other metric. 

Explain why the total number of independent Christoffel symbols of each kind is equal 
to ney where n is the dimension of the space.!?41 

Answer: Considering the identicality and difference of the indices of the Christoffel 
symbols of either kind in general coordinate systems, we have 4 main cases: 

(a) All the indices are identical: this represents n independent symbols since we have 
n values for any index. 

(b) Only two non-paired indices are identical: this represents n(n — 1) independent 
symbols, i.e. n identical times (n — 1) different (or the other way around).|?5| 

(c) Only the two paired indices are identical: this represents n(n — 1) independent 
symbols, i.e. n non-paired times (n — 1) paired (or the other way around). 

(d) All the indices are different: this represents n(n — 1) (n — 2) symbols which is the 
number of non-repetitive permutations. However, due to the symmetry in the paired 
indices we have only plas D Oe) independent symbols. 
Accordingly, the total number of independent symbols is: 


n(n—1)(n—2) 


Na = n+n(n—1)+n(n-1)4 


2 
_. ea 2n(n = 1) 2n(n—1) en (a — Jd) (na 2) 
7 2 
2 Ben? = 2a on? = Wn? ln =? + On 
7 0 


4] The reader should note that this question is about general coordinate systems and hence it should not 


be confused with certain special coordinate systems like orthogonal systems. 


5] As indicated before (see the footnote of Exercise 16), we have two possibilities for this case where 


n(n—1) 
2 


for each possibility we have independent symbols and hence the total number of independent 


symbols in this case is n(n — 1). 
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30. 


ol. 


32. 


n?+n? 


n* (n+1) 
2 


Why covariant differentiation of tensors is regarded as a generalization of the ordinary 
partial differentiation? 

Answer: Because the ordinary partial differentiation of tensors (i.e. applied to their 
components only) is valid only in certain types of coordinate systems (affine or rectilin- 
ear) where the basis vectors are coordinate-independent and hence in general curvilinear 
coordinate systems where the basis vectors are coordinate-dependent, the ordinary par- 
tial differentiation of tensors does not produce tensors in general (i.e. it does not satisfy 
the invariance principle of tensors). In contrast, the covariant differentiation of tensors 
necessarily produces tensors and hence it is a generalization of the ordinary partial 
differentiation since it is valid in general while ordinary partial differentiation is valid 
only in particular coordinate systems. This also applies to absolute differentiation as a 
generalization of the ordinary total differentiation. 

In general curvilinear coordinate systems, the variation of the basis vectors should also 
be considered in the differentiation process of non-scalar tensors. Why? 

Answer: Because in general curvilinear coordinate systems the basis vectors, as well 
as the components, depend on the coordinates in general and hence they are variable 
functions of coordinates. Therefore, by the product rule of differentiation, applied to 
non-scalar tensors in curvilinear systems, both the components and the basis vectors 
should be subjected to the differentiation process to take account of the variation of 
both parts (i.e. components and basis vectors) of the tensor because a non-scalar tensor 
is made of components multiplied by basis vectors. In brief, ordinary differentiation is 
justified in rectilinear systems because the basis vectors are constants and hence all 
we need to do (according to the product rule of differentiation) is to differentiate the 
components, but in curvilinear coordinate systems this process (i.e. differentiation of 
components only) is only part of the differentiation process and hence it is not suffi- 
cient for differentiating general tensors. Therefore, the other part of the differentiation 
process according to the product rule should be added and this complete differentiation 
process (in which both the components and the basis vectors are differentiated) is what 
is called tensor differentiation (i.e. covariant and absolute differentiation). 

State the mathematical definition of contravariant differentiation of a tensor A;. 
Answer: Contravariant differentiation is achieved by raising the differentiation index 
of the covariant derivative using the index raising operator. Hence, the contravariant 
differentiation of a covariant vector A;, for example, is given by: 


A; Pe g* Aik 


where g’* is the contravariant metric tensor. 
Obtain analytical expressions for A;.; and Bt ; by differentiating the vectors A = A;E’ 
and B = B’E,. 
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Answer: We have: 
0; (A;E") E'0;A; + A,0;E' 
E'0;A; — A,TS,E' 
= (0;A;— A,T%) E' 
= AijE" 


where in line 1 we use the product rule of differentiation since both the components 
and basis vectors of general tensors are coordinate-dependent variables, in line 2 we use 
the identity 0;E’ = —Tj,,E* which is given in the book, in line 3 we relabel the indices 
i and k, in line 4 we take out the common factor E’, and in line 5 we use a shorthand 
notation for the covariant derivative which is based on its definition. 
Similarly: 

= E,0;B'+ BTLE, 

= E,0,B' + BT: E, 

= (0B + B'T;,) Ei 

= BYE; 


where in line 2 we use the identity 0;E; = TE Ex which is given in the book, while the 
other lines are similarly justified as in the first part. 
Repeat question 32 with the rank-2 tensors C = C,;E'E and D = DYE;E; to obtain 
Ck and DY 
Answer: We have: 
Oj (C,;EE’) = E'E/0,C,; + Ci; (0,.E’) E’ + CE" (0,.E’) 
— E'E’0,C;; =, Oy (T),,E") E/ — C;,;E" (T’,,E*) 
= B'E’0,Cij — CajTG,.E'E’ — Ci.T9,E'E! 
= (OC a Cogly = Cia ae) E’E/ 
= C;;.4E'E! 
where the lines are justified as in the answer of the previous question. 
Similarly, we have: 
0, (DVE,E;) = E,E;0,D” + DY (0,E,) E; + DE; (0,E;) 
= E,E;0,D" + D® (I.E) E; + DYE; (T,Ea) 
= E,E;0,DY + DYT',.E,E; + D“T!, EE; 
= (0D¥ + DYT?, + D@T!,) EE; 
= De, 
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For a differentiable tensor A of type (m,n), the covariant derivative with respect to the 
coordinate u* is given by: 


Aitta--tm = Oy, Aitt2-tm Se Rr cee ab TA 1l...¢m st Sach Ae 


Jij2---Inik Jija--In J1J2---In Jij2-In J1j2--In 
pl fitionim — Pl gitinnim — 90. _ pl git inci 
eG eens Das 


Extract from the pattern of this expression the practical rules that should be followed 
in writing the analytical expressions of covariant derivative of tensors of any rank and 
type. 

Answer: The practical rules that can be extracted from the pattern of this expression 
are summarized in the following where we call the indices 7122...%m and j1J2...jJn the 
basis indices (since each one of these indices corresponds to one basis vector of the basis 
tensor?6l) and call k the differentiation index. 

We start with an ordinary partial derivative term of the component of the given tensor 
with respect to the differentiation index (i.e. the first term on the right hand side of the 
above equation). Then for each basis index of the tensor we add an extra Christoffel 
symbol term where this term satisfies the following properties: 

e The term is positive if the basis index is contravariant and negative if the basis index 
is covariant. 

e One of the lower indices of the Christoffel symbol is the differentiation index. 

e The basis index of the tensor in the concerned term is contracted with one of the 
indices of the Christoffel symbol using a new label (i.e. the new label is not in use 
already as a basis index) and hence they are opposite in their variance type. 

e The label of the basis index of that term is transferred from the tensor to the Christof- 
fel symbol keeping its position as lower or upper. 

e All the other indices of the tensor in the concerned term keep their labels, position 
and order. 

In the expression of covariant derivative, what the partial derivative term stands for 
and what the Christoffel symbol terms represent? 

Answer: The partial derivative term stands for the derivative of the component of the 
tensor, while each Christoffel symbol term stands for the derivative of one basis vector 
of the basis tensor of the tensor (e.g. the basis tensor of Aj; is E'E’). More clearly, 
the partial derivative term represents the rate of change of the tensor component with 
change of position as a result of moving along the coordinate curve of the differentiation 
index, while the Christoffel symbol terms represent the change experienced by the local 
basis vectors as a result of the same movement. 

For the covariant derivative of a type (m,n, w) tensor, obtain the total number of terms, 
the number of negative Christoffel symbol terms and the number of positive Christoffel 
symbol terms. 

Answer: “Tensor” suggests “absolute” or “true” and thus w = 0. So, we have 1 partial 
derivative term and m+n Christoffel symbol terms and hence the total number of terms 
ism+n-+1. We have n covariant indices and hence the number of negative Christoffel 


[26] For example, the basis tensor of Aj; is E'E’. 
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42. 


symbol terms is n. We have m contravariant indices and hence the number of positive 
Christoffel symbol terms is m. If we assume “relative” then we have an extra term. 
What is the rank and type of the covariant derivative of a tensor of rank-n and type 
(p,q)? 

Answer: The covariant derivative of a tensor is a tensor whose covariant rank is higher 
than the covariant rank of the original tensor by one. Hence, the rank is p+ q+ 1 (or 
n+ 1) and the type is (p,q + 1). 

The covariant derivative of a differentiable scalar function is the same as the ordinary 
partial derivative. Why? 

Answer: Because the scalar is not referred to any basis vector or basis tensor and 
hence it has no Christoffel symbol terms, so what remains of the covariant derivative 
terms is the partial derivative term only and hence the covariant derivative of a scalar 
is the same as the ordinary partial derivative. 

What is the significance of the dependence of the covariant derivative on the Christoffel 
symbols with regard to its relation to the space and coordinate system? 

Answer: As seen earlier, the Christoffel symbols are solely dependent on the metric 
tensor and hence they can be seen as a characteristic property of both the underlying 
space and the employed coordinate system. So, the dependency of the covariant deriva- 
tive on the Christoffel symbols implies its dependency on the space and the coordinate 
system and hence it is characterized by the space and the coordinate system and it 
reflects their features. 

The covariant derivative of tensors in coordinate systems with constant basis vectors is 
the same as the ordinary partial derivative for all tensor ranks. Why? 

Answer: Because the Christoffel symbol terms, which represent the derivatives of the 
basis vectors, will vanish since the basis vectors are constant. So, what remains of the 
covariant derivative terms is the partial derivative term only and hence the covariant 
derivative of tensors in coordinate systems with constant basis vectors is the same as 
the ordinary partial derivative for all tensor ranks. 

Express, mathematically, the fact that the metric tensor is in lieu of constant with 
respect to covariant differentiation. 

Answer: This can be expressed in several forms such as: 


O4n9i3 = 0 
dng? = 0 

O-k (9:7 A") = Gig O.nA? 
gr = O 


(go A), — goA,. 


where g is the metric tensor in symbolic notation and the symbol o denotes an inner 
or outer product operator. 

Which rules of ordinary partial differentiation also apply to covariant differentiation and 
which rules do not? State all these rules symbolically for both ordinary and covariant 
differentiation. 
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Answer: 
Linearity: this applies to both ordinary partial differentiation and covariant differenti- 
ation, that is: 


fe) 2. 20). 2.508 
(aA + bB).; = aA; a bB.; 


where a and 0 are scalar constants, f and g are differentiable scalar functions and A 
and B are differentiable tensors. 

The product rule of differentiation: this applies to both ordinary partial differentiation 
and covariant differentiation, that is: 


0 Of Og 
Dg 9) = 95, + fa. 
(AoB), = A,oB+AocB, 


7 


where the symbol o denotes an inner or outer product operator. However, the order of 
the tensors in the covariant differentiation should be observed. 

Commutativity of operators: this applies to ordinary partial differentiation but not to 
covariant differentiation, that is: 


0,0; = 0,0; 
0.,0:5 4 0.50; 


Explain why the covariant differential operators with respect to different indices do not 
commute, i.e. 0,;0.; 4 0.;0,; (t 4 J). 

Answer: The reason is that the differentiation indices, like the indices of the differen- 
tiated tensor, are referred to basis vectors and since the basis vectors do not commute 
then the differentiation indices (and hence the covariant differential operators that rep- 
resent these indices) do not commute. This is unlike the indices of the ordinary partial 
differential operators since these indices are not referred to basis vectors. In brief, the 
covariant derivative of a tensor is a tensor whose covariant rank increases by 1 for each 
covariant differentiation operation and hence the differentiation indices are not differ- 
ent from the indices of the differentiated tensor. Therefore, the differentiation indices 
should follow the same rules that the indices of the differentiated tensor follow and 
one of these rules is the importance of the order of indices (i.e. non-commutativity of 
tensor indices). The non-commutativity of covariant differential operators can also be 
shown directly by performing the operations of covariant differentiation in different or- 
ders where it can be easily verified that the result depends on the order of the operators 
(see Exercises 52 and 53). 

State the Ricci theorem about covariant differentiation of the metric tensor and prove 
it with full justification of each step. 

Answer: The Ricci theorem states that the covariant derivative of the metric tensor 
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iS Zero. 
Covariant metric tensor: 


Ongij = O.~ (Ei; - E;) 
= (0,E;)-E; +E; -(0.E;) 
0 


where line 1 is the relation between the metric tensor and the basis vectors, line 2 is the 
product rule of differentiation which applies to covariant differentiation as to ordinary 
differentiation, and line 3 is the fact that the covariant derivative of the basis vectors 
is identically zero (as demonstrated in the book and in Exercise 57). 

Contravariant metric tensor: 


0,9 = 0, (E'- E’) 

(0B!) EB! + E'- (0,E") 
0.E’+E'-0 

0 


where the lines are similarly justified as in the covariant case. 
Mixed metric tensor: the proof can be similar to the proof of the covariant and con- 
travariant types, i.e. 0.97 = 0, (E;-E’) =--- etc. Alternatively: 


Ong = Ox (Gng™) 
= (O«Gia) G7 + Gia (0.9%) 
= 0+0 
0 


where line 1 is based on the use of index shifting operator, line 2 is the product rule 
of differentiation, and line 3 is based on the results that we already obtained in this 
question for the covariant and contravariant types. 

State, symbolically, the commutative property of the covariant derivative operator with 
the index shifting operator (which is based on the Ricci theorem) using the symbolic 
notation one time and the indicial notation another. 

Answer: 

Symbolic notation: 


Ox (g- A) =g- (0,A) 
Indicial notation: 
Oxx (9:3 A”) = 9:3 (OxA”) or Ox (9 As) = 9" (O45) 


Verify that the ordinary Kronecker delta tensor is constant with respect to covariant 
differentiation. 
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Answer: 
Mixed type: we have: 


O45: = O64 + Ort, — Here 


~~ ay jk 
Sete a Woe = abgk 
0 


where line 1 is based on the rules of covariant derivative, line 2 is justified by the fact 
that all the components of the Kronecker delta are constant (i.e. either 0 or 1), and 
line 3 is based on using the Kronecker delta as an index replacement operator. 
Covariant type: we have: 


O.4,055 i=? OK (Giad%) 

= (O.4-9ia) 0% ele Jia (0.5%) 
0+0 
0 


where line 1 is based on using index shifting operator, line 2 is based on the product rule 
of differentiation which applies to covariant differentiation as to ordinary differentiation, 
and line 3 is based on the fact that the covariant derivative of the metric tensor and 
the covariant derivative of the mixed Kronecker delta are both zero (see Exercise 44 
and the first part of the current question). 

Contravariant type: we have: 


O20" SO G75.) 
= (Ang?) 5a +9" (A650) 
= 0+0 
0 


where the lines are justified as for the covariant type. 
State, symbolically, the fact that covariant differentiation and contraction of index 
operations commute with each other. 
Answer: We have: - ’ 

(OmA;) 5} > Om (AZ 67) 
where the left hand side is the order “covariant differentiation first followed by contrac- 
tion of index” while the right hand side is the order “contraction of index first followed 
by covariant differentiation”. 
What is the condition on the components of the metric tensor that makes the covariant 
derivative become ordinary partial derivative for all tensor ranks? 
Answer: The condition is that the components of the metric tensor are constants, 
because in this case all the Christoffel symbols will vanish identically (according to 
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their definition which was given earlier) and hence all the Christoffel symbol terms of 
the covariant derivative will vanish as well, so what remains of the covariant derivative 
terms is the partial derivative term only and hence the covariant derivative becomes an 
ordinary partial derivative for all tensor ranks. 
Prove that covariant differentiation and contraction of indices commute. 
Answer: We have two cases: 
(a) Covariant differentiation first followed by contraction of index (i.e. contracting j 
with k in the following equation), that is: 

(OpAy) OFS (AL Vea Al oa AP 


J kym" J 


(b) Contraction of index first followed by covariant differentiation: 
Om (Ayo; ) = Om (Ay) ~ Ain 
On comparing the two equations we obtain: 
(AmAy’) 5; = Am (AzS}) 


i.e. covariant differentiation and contraction of indices commute, as required. 
What is the mathematical condition that is required if the mixed second order partial 
derivatives should be equal, i.e. 0,0; = 0;0; (i 4 j)? 
Answer: It is the C? continuity condition, i.e. the differentiated function and all its 
first and second partial derivatives do exist and they are continuous in their domain. 
What is the mathematical condition that is required if the mixed second order covariant 
derivatives should be equal, i.e. 0.;0.; = 0.;0; (i 4 J)? 
Answer: The condition is the vanishing of the Riemann-Christoffel curvature tensor. 
Derive analytical expressions for Aj.;,, and Aj,,; and hence verify that Aj.j4 A Ainj. 
Answer: We have: 

Aixjk = (Aus) .p 
OAs; — Aa — fp Ata 
Op (O;Ai — TY;Av) — TS, (Oj;Aa — 13,A0) — 1%, (O24: — 13,0) 
= O,0;A; —TYjO¢An — AvOgl}, — 1G,0j;Aa + 19,03; A0 — P9,00Ai + 79,03, Ad 


a 


where all these lines are justified by the definition of covariant differentiation and some 
other basic operations. 
Similarly, we have: 


Aig = (Aik) y 

O; Aik — Vij Aak — Pej Aia 

= 0; (OA; —T},Av) —T% (Onda — PAs) — VG; (OaAi — U3, Ad) 

= d;0,A; —THO;An — AvOjT, — UE O¢Aa + TET, As — PE 00Ai + PET 3, Ad 


J 
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So, let take the difference between these two equations to see if Aj.;, — Aj.4; = 0 (and 
hence Aj.;4 = Ai,nj) or Ai.jz — Aiky AO (and hence Aj.;, A Aij,x;), that is: 
Ai ak — Aas 
= 0,0;A;— Ty, O%Av = AsO § =T0jAg+ 13,03 ;Ap a P5,00A; 1 Te T Ab = 
(0;0,A; — 14,0;A, — ApOjT%, —T4O,Aq + P40, Ay — $0.4; + 1%,02, Ad) 
= —A,d,0%, +190, Ay — (—A,0,T 3, + 27, Ap) 
= —-A,O,0%, +130, Ap + AsO,T%, —TE0%, As 
ApRi in 


where Rin is the Riemann-Christoffel curvature tensor.?"1 Now, since this tensor does 
not vanish identically in general, then A;,;,—Aj,,; # 0 in general and hence Aj.;, 4 Aj.4;, 
as required. 

From the result of exercise 52 plus the definition of the Riemann-Christoffel curvature 
tensor of the second kind, verify the following relation: Aj.;, — Aixnj = ApR? i, 
Answer: The Riemann-Christoffel curvature tensor of the second kind is given by: 


Rint = OT, = OWS, + IT, 3 We ee 


On inner multiplying with A, and relabeling the indices we obtain: 


ApRe, = AvOjTh, — AvOeTY, + ATS02; — A033, 
which is the same as the result of Aj.;, — Aj:~; that we obtained in the previous exercise 
(i.e. the equation before the last in the answer of the previous question). Hence, we 
conclude that Aj.;, — Ainj = AgR? 45 as required. 
What is the covariant derivative of a relative scalar f of weight w? What is the covariant 
derivative of a rank-2 relative tensor A‘ of weight w? 


Answer: They are: 


Oxf = Of —wIiVe 
Why the covariant derivative of a non-scalar tensor with constant components is not 
necessarily zero in general coordinate systems? Which term of the covariant derivative 
of such a tensor will vanish? 
Answer: Because the covariant derivative of a non-scalar tensor is made of sum of 
terms, and only one of these terms is the ordinary partial derivative of the constant 
component. Hence, even if this term vanished the other terms (i.e. the Christoffel 


7] We note that in the last set of equations we relabeled some dummy indices and used the symmetry of 


the Christoffel symbols in their paired indices to reach our final result. All these operations should be 
obvious to the reader. Also, in the last line we used the definition of the Riemann-Christoffel curvature 
tensor which is given in the book. 
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symbol terms) do not necessarily vanish and hence the covariant derivative of a non- 
scalar tensor with constant components is not necessarily zero. In other words, although 
the partial derivative term will vanish because it represents the rate of change of the 
constant component, the Christoffel symbol terms which represent the rate of change 
of the basis vectors do not necessarily vanish because the constancy of the component 
does not imply the constancy of the basis vectors. 

As indicated in the answer of the first part of the question, the vanishing term is the 
ordinary partial derivative term. 

Show that: A;.; = Aj.; where A is a gradient of a scalar field. 

Answer: Let f be a differentiable scalar field, A is its gradient (ie. A; = 0;f) and Aj,; 
is the covariant derivative of this gradient. Hence, we have: 


A 0;A; — TEA, 
O;0,f — TE Ag 

0,0;f —TEAx 

= 0,A;-TEA, 

= 0,A;—ThAg 

= A 


a5 


ji 

where line 3 is justified by the commutativity of the ordinary partial differential oper- 
ators, and line 5 is justified by the symmetry of the Christoffel symbols in their paired 
indices. 

Show that the covariant derivative of the basis vectors of the covariant and contravariant 
types is identically zero, i.e. E;,; = 0 and Ei, = 0. 

Answer: We have: 


E O;B; — TEx 
= PE, —TZE, 


0 


a9 


where line 2 is based on the identity 0;E; = TEE, which is given in the book. 
Similarly: 
Ei, = 0j;E'+T,,E* 

—Tj,,E* + Ty ,E* 

0 


where line 2 is based on the identity 0;E' = —T;,,E* which is given in the book. 
Prove the following identity: 


On (9; A" B’) = Aj, B’ + A’ Bix 
Answer: We have: 


Ox (gi7A°B!) = (Ongi;) A°B’ + giz (0, A") BY + giz A’ (Ox B’) 
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= (tk, j] + [jk, i]) A'B? + gi; B°O,A* + gi; AO, B? 
(gu ls. + Jai *n) A’ BI + gij BIO, A’ =f ij A’ Op B! 
= GajV%,A‘ BI + gail, AB + 9:3 BIO, A’ + giz A°O, B 
ij BORA! + GajVG,A' B! + 9; A'O,B? + Gail 4,A’ B? 
= gi; BO, A! SE gigt 2, ACB" I gi; A’Oy,B? a gilt, A’ B* 
= gi; (O,A? + 1%,A°) B' + A'gi; (0,B7 + 12,,B°) 
Gig (AZ 1) Bi + A’ 9ij (Bi ) 
= Aj, B+ A'Bix 


where line 1 is the product rule of differentiation, line 2 is the identity Ojg;; = [ik, j] + 
[7k, 7], line 3 is the relation between the Christoffel symbols of the first and second kind, 
line 5 is reordering of terms, line 6 is relabeling of dummy indices with use of symmetry 
of metric tensor, line 8 is the definition of covariant derivative, and line 9 is an index 
shifting operation. 

Define absolute differentiation descriptively and mathematically. What are the other 
names of absolute derivative? 

Answer: Absolute differentiation of a tensor along a t-parameterized curve C(t) in an 
nD space with respect to the parameter t is the inner multiplication of the covariant 
derivative of the tensor and the tangent vector to the curve. The absolute differentiation 
of a vector A of covariant type A; and contravariant type A’ is defined mathematically 
by: 


dA, du! _ dA, yy 4 du 
Se GE = sap = ae 
AR gg Qué dA nut 
Oe 8 OR de Pe ae 


where o is the absolute differentiation operator, the indexed wu are general coordinates 
and ¢ is the curve parameter while the other symbols are as defined previously. This 
definition is trivially generalized to tensors of higher ranks. 

Absolute derivative is also known as intrinsic derivative or absolute covariant derivative. 
Write the mathematical expression for the absolute derivative of the tensor field AX, 
which is defined over a space curve C(t). 


Answer: 7 . 

dA, = dA? | «grit pi aie ,du* _ps panes 

ot dt at ee ae 
Why the absolute derivative of a differentiable scalar is the same as its ordinary total 
derivative, i.e. af = a? 
Answer: Because the covariant derivative of a scalar is the same as the ordinary 
partial derivative since a scalar has no association with basis vectors to differentiate 
and therefore there will be no Christoffel symbol terms. Accordingly, the absolute 


derivative, which is an inner product of the covariant derivative, will have only an 


5 


62. 


63. 


64. 
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ordinary derivative term and hence it is the same as the ordinary total derivative of the 
scalar. In symbolic terms: 


a 


of du 
aor 
du* 
= He 
_ Of du® 
Au dt 

df 


dt 


where line 1 is based on the definition of absolute derivative, line 2 is based on the fact 
that the covariant derivative of a differentiable scalar is the same as its ordinary partial 
derivative, line 3 is a notation, and line 4 is based on the chain rule in multi-variable 
differentiation noting that f is parametrically dependent on ¢ only. 
Why the absolute derivative of a differentiable non-scalar tensor is the same as its or- 
dinary total derivative in rectilinear coordinate systems? 
Answer: Because in rectilinear systems the covariant derivative is the same as the 
ordinary partial derivative since the Christoffel symbols are zero in these systems. Ac- 
cordingly, the absolute derivative, which is an inner product of the covariant derivative, 
will have only an ordinary derivative term and hence it is the same as the ordinary total 
derivative of the tensor. In symbolic terms (using At , as an instance): 
jA‘, 5 du 
Gi 
= (0.4%, +0-—0-0) 
2 Oi 
a Oa Ain GE 
OA’ , du* 
Ou" dt 
dA, 
dt 


du" 
dt 


where the lines are similarly justified as in the answer of the previous question. 

From the pattern of covariant derivative of a general tensor, obtain the pattern of its 
absolute derivative. 

Answer: The pattern of the covariant derivative was explained in detail earlier (see 
Exercise 34), so all we need to obtain the pattern of absolute derivative is to add the 
following rule: the covariant derivative is inner multiplied with a where the index a 
is contracted with the differentiation index of the covariant derivative. 

We have A = A‘ E,E,;E*. Apply the ordinary total differentiation process (i.e. ) 
onto this tensor (including its basis vectors) to obtain its absolute derivative. 
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Answer: We have: 


dA CG ies 
= A‘ E,E;E*) 


a Fae 


_ (dA%, » , sy (EE & 4 Ai dE Vie, oy dE* 
= (GE) mane + a E,E + ALE; ( —* ) BY + + AU EE; ae 


aj a : a 


Ou* dt Ou* dt 
OE; du* 7 JOE* du* 
AUR, J k AW EGE. 
we (Fas | ee, (>) 


i : 
= (32 ae E,E,;E* + A“, (rs, no ) BE, E* + 


Out at dt 
AWB, (T? By) Bs AdBE, (re Bee 
dt dt 
0A", du du 
= E;E;E* + AY | iE; E,E* 
(2 a) i =) ieee 


ap, (1 i i ) Bt AEE, (- rE) 
du a 


a AY, dut dus du 
= + AGT? — + AGT? — AUNTS B,E;E* 
(= dp 1 Rea gy Tw on a | 
Fa) Au no be ea ~ du 
= AV! + AGT, — AWD¢, | —E:E,E* 
(= a k ea k* ca c | dt 
ap uP 
=> A 7p EE E* 
AY 
eae 7 —_*R,E,;E*” 
where equality 2 is the product rule of differentiation, equality 3 is the chain rule of 
differentiation, equality 4 is the identities 0;E; = I? jr and 0; E’ = -Iy,E*, equality 


5 is relabeling of dummy indices, equality 6 is tidying up, eaualiy 7 is taking common 
factor, equality 8 is the definition of covariant derivative, and equality 9 is the definition 
of absolute derivative. 

Which rules of ordinary total differentiation also apply to intrinsic differentiation and 
which rules do not? State all these rules symbolically for both ordinary and intrinsic 
differentiation. 

Answer: 

Linearity: this applies to both ordinary total differentiation and intrinsic differentiation, 
that is: 

at a pig 


d 
qe ee ae 
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) OA 0B 
—(aA+bB) = a—+b— 

ot ( ) ot ot 
where a and 0 are scalar constants, f and g are differentiable scalar functions and A 
and B are differentiable tensors. 
The product rule of differentiation: this applies to both ordinary total differentiation 
and intrinsic differentiation, that is: 


d df. dg 

a 9) = rea ier 
6 6A 6B 
24h GBY- = B+A 
acid ae aes: 


where the symbol o denotes an inner or outer product operator. However, the order of 
the tensors in the intrinsic differentiation should be observed. 

Commutativity of operators: this applies to ordinary differentiation but not to intrinsic 
differentiation. In fact, this is no more than the commutativity of ordinary partial 
operators and non-commutativity of covariant operators. To be more clear, let have a 
second order covariant differentiation of a vector A; with respect to the indices 7 and 
j. Now, since Ax.;; 4 Axi; then we should have: 


du* dus 
Anji Ani Gye 


So, we have: 


dut dud 


0,0 dé 


ae dt 
where the first equation represents ordinary differentiation (which is partial differenti- 
ation because we are assuming the dependency on more than one variable) while the 
second equation represents the intrinsic differentiation.|?*! 

Using your knowledge about covariant differentiation and the fact that absolute differ- 
entiation follows the style of covariant differentiation, obtain all the rules of absolute 
differentiation of the metric tensor, the Kronecker delta tensor and the index shifting 
and index replacement operators. Express all these rules in words and in symbols. 
Answer: All these rules can be easily obtained from the fact that absolute differentia- 
tion is no more than a covariant differentiation followed by an inner product operation. 


[28] The above explanation is based on a certain interpretation of the property of commutativity with regard 


to the intrinsic differentiation and the corresponding ordinary differentiation operation. However, we 
may assume other interpretations and hence the rules and explanation could change. The details are 
irrelevant to our objective. Moreover, most of these details can be easily obtained from first principles 
where the basic rule that should be followed is that ordinary differential operators are commutative 
while tensor differential operators are not. We should also note that we are assuming that intrinsic 
differentiation works with the second order covariant differentiation as with the first order covariant 
differentiation. 
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Now, because the covariant differentiation of the metric tensor, the Kronecker delta ten- 
sor and the index shifting and index replacement operators is zero, then the absolute 
differentiation of these should also be zero. These rules can be expressed symbolically 
as: 


0g 
i = 0 
a” 
OM gAl): ~ 6 AJ 
a a 
5 (6/45) _ 5A 
ot Ot 


Justify the following statement: “For coordinate systems in which all the components 
of the metric tensor are constants, the absolute derivative is the same as the ordinary 
total derivative”. 
Answer: Because in such coordinate systems the Christoffel symbols are identically 
zero (as established earlier in Exercise 20) and hence all the terms of the absolute deriva- 
tive will vanish except the first which is the ordinary total derivative term. Therefore, 
the absolute derivative becomes an ordinary total derivative. In symbolic terms (using 
A”, as an instance): 

6A”, = dA”, 

ot dt 

The absolute derivative of a tensor along a given curve is unique. What this means? 
Answer: It means that we will obtain the same absolute derivative along the given 
curve regardless of the coordinate system that we are using. This is based on the 
objectivity of the absolute derivative since if it is well defined and should have any 
realistic and useful meaning it should be unique and independent of the employed 
coordinate system. This is also based on the invariance of tensors (in the general sense 
of this invariance) across all coordinate systems. 
Summarize all the main properties and rules that govern tensor differentiation (i.e. 
covariant and absolute differentiation). 
Answer: The main properties and rules of tensor differentiation are: 
e Tensor differentiation is the same as ordinary differentiation (i.e. partial and total 
differentiation) but with the application of the differentiation process on both the tensor 
components and its basis tensor using the product rule of differentiation. 
e The covariant and absolute derivatives of tensors are tensors. 
e The rank of the covariant derivative is 1 covariant rank higher than the rank of the 
differentiated tensor while the rank of the absolute derivative is the same as the rank of 
the differentiated tensor. Hence a tensor of type (m,n) will have a covariant derivative 
of type (m,n +1) and an absolute derivative of type (m,n).!?9! 


[29] We are considering here first order covariant derivative. In brief, each covariant differentiation opera- 


tion increases the covariant rank by 1. 
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e The sum and product rules of differentiation apply to tensor differentiation as for 
ordinary differentiation. However, the order of tensors in tensor differentiation should 
be respected in the tensor product. 

e The covariant and absolute derivatives of scalars and affine tensors of higher ranks 
are the same as the ordinary derivatives (i.e. partial and total). 

e The covariant and absolute derivatives of the metric, Kronecker and permutation 
tensors as well as the basis vectors vanish identically in any coordinate system. 

e Unlike ordinary differential operators, tensor differential operators do not commute 
with each other. 

e Tensor differential operators commute with the contraction of indices. 

e Tensor differential operators commute with the index replacement operator and index 
shifting operators. 


Chapter 6 
Differential Operations 


1. Describe briefly the nabla based differential operators and operations considering the 
interaction of the nabla operator with the tensors which are acted upon by this opera- 
tor. 

Answer: In brief: 

e The nabla differential operator may act directly on a tensor (in its general sense that 
includes scalar and vector) resulting in the gradient of the tensor. 

e The nabla differential operator may act on a non-scalar tensor through dot product 
multiplication resulting in the divergence of the tensor. 

e The nabla differential operator may act on a non-scalar tensor through cross product 
multiplication resulting in the curl of the tensor. 

e The nabla differential operator may act on another nabla operator through dot prod- 
uct multiplication resulting in the Laplacian operator. 

There are other less common operations and operators, but they are not investigated 
in the book. 

2. What are the advantages and disadvantages of using the coordinates as suffixes for la- 
beling the operators, basis vectors and tensor components in cylindrical and spherical 
systems instead of indexed general coordinates? What are the advantages and disad- 
vantages of the opposite? 

Answer: The main advantage of using the coordinates as suffixes is that this notation 
is intuitive, unambiguous and widely used. The main disadvantage is that it cannot be 
put in compact tensor form using tensor notation (or indicial notation) which is based 
on indices. 

The advantage of the opposite is that we can put it in a compact tensor form using 
tensor notation. The main disadvantage is that it is not as intuitive and commonly 
used as the use of coordinates; moreover, some ambiguity and confusion may arise with 
regard to the correspondence between the indices and the coordinates (e.g. if the index 
2 in spherical systems refers to @ or @). 

3. “The differentiation of a tensor increases its rank by one, by introducing an extra co- 
variant index, unless it implies a contraction in which case it reduces the rank by one”. 
Justify this statement giving common examples from vector and tensor calculus. 
Answer: As seen in the previous chapter, covariant differentiation introduces a new 
covariant index (i.e. the differentiation index) to the tensor and hence it increases its 
covariant rank by 1. For example, A; is a rank-1 tensor but its covariant derivative 
with respect to the j index is A;,; which is a rank-2 tensor. However, some differential 
operations include a contraction operation and hence although they introduce a new 
index they consume two indices by contraction and hence the result is a tensor that is 
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1 rank lower than the rank of the original tensor."! 

The most obvious examples are the gradient (which increases the rank of the differenti- 
ated tensor by 1 since it introduces 1 differentiation index with no contraction), and the 
divergence (which reduces the rank of the differentiated tensor by 1 since it introduces 
1 differentiation index but consumes 2 indices by contraction). 

4. Write the following subsidiary nabla based operators in tensor notation: A - V and 
A x V. Is this notation consistent with the notation of dot and cross product of 
vectors? 

Answer: Using tensor notation, these operators are defined in Cartesian coordinates 
as: 


[A x Vi; €ijnAjOk 


where A is a vector. 
Yes, this notation is consistent with the notation of dot and cross product of vectors. 
5. Why in general we have: A-V4AV-AandAxV#V x A? 
Answer: The order is important because it determines the meaning of the operator 
and the nature of the action that is supposed to be conducted by it. For example, A- V 
means that V is not acting on A but it is acting on something else, while V - A means 
that V is acting on A (i.e. taking the divergence of A) although in both cases A and V 
are involved in a dot product operation. Similarly, A x V means that V is not acting 
on A but it is acting on something else, while V x A means that V is acting on A (i.e. 
taking the curl of A) although in both cases A and V are involved in a cross product 
operation. 
6. Define the nabla vector operator and the Laplacian scalar operator in Cartesian coor- 
dinate systems using tensor notation. 
Answer: 


O 
Oo? on 


Ox,02; = "Ox Ox; = 


Vi = 
eS Oii 


7. Find the gradient of the following vector field in a Cartesian coordinate system: A = 
(229: 


[301 We note that this is different from the absolute differentiation which keeps the type and rank of the 
original tensor because in absolute differentiation the differentiation index is contracted with the index 
of the tangent vector and not with an index of the original tensor, i.e. in this process we introduce two 
indices (one from covariant differentiation and one from the tangent vector) and consume these two 
indices by contraction without touching the indices of the original tensor and therefore the original 
tensor keeps its type and rank. This can be easily seen from the definition of absolute differentiation, 
ie. 

oA du 
On fo oa: 
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LO; 


11. 


Answer: The components of the gradient (which is a rank-2 tensor) are: 


Oe 0,00) =) 
O,. (227) = Az Of (2a = 0 O.(207)=0 
0,7 = 0 Oyn = 0 0.7 = 0 
Hence, it can be represented by the following matrix: 
Le 30) 
[Aj] = 4rx 0 0 
0 0 0 


where 7,7 = 1,2,3 and 7 refers to the components of A while 7 refers to the coordinates 
LY ks 


. Define the divergence of a differentiable vector descriptively and mathematically as- 


suming a Cartesian coordinate system. 
Answer: The divergence of a differentiable vector field A is a scalar defined as the dot 
product of the nabla operator and the vector A (in this order), that is: 
OA; 
ian 
Ox; 


where we are assuming a Cartesian coordinate system. 


V:-A=0 = 0,A; 


. What is the divergence of the following vector field in Cartesian coordinates: A = 


(22, y°, e7)? 
Answer: 
O(2z)  dy® de? 
a ee 
” Ox Oy Oz 
0+ 3y?+0 
3y" 


Write symbolically, using tensor notation, the following two forms of the divergence of 
a rank-2 tensor field A in Cartesian coordinates: V- A and V- A’. 
Answer: 


[VA], = Aji 


Define the curl V x A in Cartesian coordinates using tensor notation where (a) A is a 
rank-1 tensor and (b) A is a rank-2 tensor (note the two possibilities in the last case). 
Answer: 
(a) A is a rank-1 tensor: 

[V x A]; = €ijn0j Ax 
(b) A is a rank-2 tensor: 


[V x Al;; = Cain mnt 
CaO kn 


‘<j 
x 
fd 
| 
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12. What is the curl of the following vector field assuming a Cartesian coordinate system: 
A =(5e"" 3; may,z*)? 


Answer: 
i jk 
(e) fe) (é) 
VxA = Ox Oy Oz 


24 (= : amt sh (= 7 —) op (a 7 ~) 
7 Oy Oz J\ da Oz ' Ox Oy 
i(0 —0) —j(0-—0) + k (ay — 0) 

= yk 


13. Find the Laplacian of the following vector field in Cartesian coordinates: 


A = (27y, 2y sin z, mze"™"*) 


Answer: 


VA = WP (ix?y + j2y sin z+ krze*) 
= iV? (x7y) + jV’ (2ysinz) + kV’? (rzecrn*) 
24 (SS OPE Yi, a) | 


Ox? Oy? Oz 
; (= sinz  0?2ysinz | 0?2ysin *) | 
Og ) Oy? Oz? ) 
ik (us | Or rzecoshe | oe) 
Ox? Oy? | Oz? 


= i(2y+0+4+0)+ 
j(0 +0 — 2ysin z) + 
k (mzerrsh* sinh? 7 + mze*"* cosh az + 0+ 0) 


= (2y)i-—(2ysin z)j + mze* (sinh? x + cosh z) k 


14. Define the nabla operator and the Laplacian operator in general coordinate systems 
using tensor notation. 
Answer: 


1 1 
V? = diverad=V-V = —O; IO; 
g V9 (99 i) 


where E* is a contravariant basis vector, g is the determinant of the covariant metric 
tensor and g” is the contravariant metric tensor. 
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15. Obtain an expression for the gradient of a covariant vector A = A;E’ in general coordi- 
nates justifying each step in your derivation. Repeat the question with a contravariant 
vector A = A’E,. 

Answer: We have:!*!] 
VA = E60; (AE*‘) 
= B’E'0;A;+ E’A,0;E’ 
= BE‘0,;A;+ E’ A; (-Tj,E°) 
= BE‘0;A;- WET),Ap 
= B’E' (0,4; —T3;As) 


where line 2 is the product rule of differentiation, line 3 is the identity 0;E' = Ty ,E*, 
line 4 is relabeling of dummy indices, and line 6 is the definition of covariant derivative. 
Similarly, we have: 


VA = E/0; (A’E;) 

E/E,0;A' + E’A'0;E; 

= E/E,0;A’ + E’A’ (1,Ep) 
= B/EO;A' + BET; A’ 
= B/E; (0,4 + 14,4") 

= PEA’, 


where line 3 is the identity 0;E; = TEEx while the other lines are justified as in the 
previous part. 
16. Repeat question 15 with a rank-2 mixed tensor A = ALE,E’. 
Answer: We have: 
VA = E*d, (A,E\E’) 

EX (0,A',) ExE’ + E* A‘, (O,E;) EB’ + E*A‘E; (0,E’) 

E*B,E/0,A', + E* A’, (02, Ey) E’ + EAE; (TJ, E’) 

E*E,B’ 0,4’, + E*E,E’ A’ 1), — E*E,E’ AY, 

= BEE’ (45+ A°T, — AG) 


where the lines are justified as in the answer of the previous question. 
17. Define, in tensor language, the contravariant form of the gradient of a scalar field f. 
Answer: The contravariant form of the gradient of a scalar field f is given by: 


Vil SOfegofHr fal 


[31] As we noted in the book, the basis vector that associates the derivative operator in the following 
equations (as well as in similar equations and expressions) should be the last one in the basis tensor. 
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18. 


19. 


20. 


where g” is the contravariant metric tensor. 
Define the divergence of a differentiable vector descriptively and mathematically as- 
suming a general coordinate system. 
Answer: The divergence of a differentiable contravariant vector field A? is a scalar ob- 
tained by contracting the differentiation index of the covariant derivative of the vector 
with the contravariant index of the vector, that is: 
ES en ; 1 : 
VA = Oy At, = Al, = ik (/gA') 


where 6°. is the Kronecker delta and g is the determinant of the covariant metric tensor. 
Derive the following expression for the divergence of a contravariant vector A in general 
coordinates: V- A = A‘. 
Answer: We have: 
V-A = E'0;- (A’E;) 

= B (4B) 

= (BB) A 

a O5 A 

= fv. 


7 


where line 3 is the definition of covariant derivative, line 5 is the relation between the 
basis vectors and the mixed type metric tensor, and line 6 is an index replacement 
operation. 

Verify the following formula for the divergence of a contravariant vector A in general 
coordinates: V-A = Fi (/gA'). Repeat the question with the formula: V-A = 
g!' Aj; where A is a covariant vector. 

Answer: We have: 


V-A = A 
= 0A +T%,A 
: i 
= 0,A' + A’—0; 
VSG i (/9) 
: i 
= OA +A, 
aa (V9) 
1 


= “0:(Vi4’) 


where line 1 is the definition of divergence, line 2 is the definition of covariant derivative, 


line 3 is the identity Le = 750i (/9) which was established in the book, line 4 is 
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21. 


22, 


23. 


relabeling the dummy index j, and line 5 is the product rule of differentiation. 
Similarly, we have: 


g Age = (9% Ay), 
= (A’) , 
— A‘, 
= Wak 


where line | is the constancy of the metric tensor with respect to covariant differentiation 
(Ricci theorem), line 2 is an index raising operation, and line 4 is the definition of the 
divergence of a contravariant vector. 

Repeat question 20 with the formula: V-A = E,A‘s where A is a rank-2 contravariant 
tensor. 

Answer: We have: 


V:-A = E‘0;- (A*E;E,) 
= E'.d; (A”“E;E;) 
= E- (A-E,E) 
= (E'-E;) E,A’% 
= 6\E,A’s 
= BA“, 


where line 3 is the definition of covariant derivative, line 4 is the intended dot product 
(since the differentiation index is to be contracted with the first index of the tensor), 
line 5 is the relation between the basis vectors and the mixed type metric tensor, and 
line 6 is an index replacement operation. 

Prove that the divergence of a contravariant vector is a scalar (i.e. rank-0 tensor) by 
showing that it is invariant under coordinate transformations. 

Answer: As explained earlier, the divergence of a differentiable contravariant vector 
is the result of contracting the differentiation index of the covariant derivative of the 
vector with the contravariant index of the vector. Moreover, the covariant derivative 
of a tensor (in this case a rank-1 contravariant vector) is a tensor which is 1 covariant 
rank higher than the rank of the original tensor and hence the covariant derivative of a 
contravariant tensor is a rank-2 mixed type tensor. Now, since the contraction of index 
of tensors produces a tensor (i.e. invariant under coordinate transformations) which is 
2 rank lower than the rank of the original tensor, then the divergence of a contravariant 
vector is a rank-0 tensor or scalar (i.e. invariant under coordinate transformations), as 
required. 

There are more formal approaches to this question but the above argument should be 
sufficient. 

Derive, from the first principles, the following formula for the curl of a covariant vector 


field A in general coordinates: [V x A]* = 7 (0,A; —T',Ai). 
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24. 


Answer: We have: 


VxA = EO; x A;E’ 
= E'x 0; (A;E’) 
= E'x (Aj,E’) 
= Aj, (E' x E’) 
= Aj, ¢!*E, 
= eJ* A, Ey 


ciik 


where line 3 is the definition of covariant derivative, line 5 is an identity about the 
cross product of basis vectors which was established in the book, and line 7 is the 
expression of the covariant derivative of a covariant vector plus the definition of the 
absolute contravariant permutation tensor. Hence, the k“ contravariant component of 
curl A is: 


[V x A]* = Ti (0;A; — T,Ai) 


eik 


Show that the formula in exercise 23 will reduce to [V x A]* = 7g OAs due to the 


symmetry of the Christoffel symbols in their lower indices. 

Answer: The permutation tensor is non-zero only when i 4 7 # k. Hence, for each 
k*® component we have only two non-vanishing terms in the formula of exercise 23. 
These terms correspond to the two permutations of ij (with 1 4 7 4 k) where in one 
of these permutations e/* is +1 and in the other permutation ¢/* is —1. Now, if we 
use upper case indices (i.e. I, J, A) to indicate that these indices have fixed values with 
IAJFAK (eg. 1=1, J = 2 and K = 3), then the formula of exercise 23 can be 
written as: 


LIK JIK 


Vx AJ =e (Ay —ThrAr) + Fe (BsAr — Vhs) 
= a (O;A; —T5,Ap) — = (0yAr— T5540) 
_ mn (OrA; —T%,Ay — O5Ay + T3545) 
= | (OAs —T5,Ay — O74; +15, As) 
Jk 
= ——(0;A;—0,Ay) 
ae JIK 


€ 
= go TG O;Ar 
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20s 


26. 


where line 2 is based on the fact that the permutation tensor is totally anti-symmetric, 
and line 4 is based on the symmetry of the Christoffel symbols of the second kind in 
their lower indices. Now, if we return to our ordinary lower case index notation then 
the last line is no more than a sum of terms representing all the permutations of 77k 
(including the zero terms which correspond to the repetitive permutations), and hence 
the last equation can be written compactly as: 
Ls 

Derive, from the first principles, the following expression for the Laplacian of a scalar 

. . 3 = 1 , a 
field f in general coordinates: V?f = or (,/99'70;f). 
Answer: 


Vf = V-(VS) 
= E%9,- (E'd;f) 
= E!-0,(E/0,f) 
= B'.a,(B’f,) 
= E'- (E'fj:) 
= (E'- E’) fas 
= ie dere 
= (9° fs) 4 
= (9°0;f),, 
= 0; (9 O;f) + (Gif) Phi 
= 0; (90; f) wl (90; f) Ti, 


a a5 1 
= 0: (g'9;f) + (AF) = v9) 
(92 O;f) + (9° 9;f) 7 V9 
1 PP i“ 

= = [V90: (9"9)f) + (97 0;F) AV 

VI 

1 of 

= —0;(V/99"0;f 

V9 (V9 J ) 
where line 1 is the definition of Laplacian as divergence of gradient, line 5 is the definition 
of covariant derivative, line 8 is the constancy of the metric tensor with respect to tensor 
differentiation (Ricci theorem), line 10 is the expression of the covariant derivative of a 
contravariant vector (i.e. g/0;f = O'f), line 12 is the identity M, = 50; (/9) which 
was established in the book, and line 14 is the product rule of differentiation while the 
other lines are obvious or justified earlier. 
Why the basic definition of the Laplacian of a scalar field f in general coordinates as 
V? f = div (grad f) cannot be used as it is to develop a formula before raising the index 
of the gradient? 
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28. 


Answer: Because the divergence in the above definition of Laplacian implies a con- 
traction operation between the gradient index and the divergence index, and since the 
contraction operation in general coordinate systems should be between a covariant in- 
dex and a contravariant index then the index of the gradient (which is a covariant index) 
should be raised before the contraction operation can take place. 

Define, in tensor language, the nabla operator and the Laplacian operator assuming an 
orthogonal coordinate system of a 3D space. 

Answer: They are:!°?! 


di O 


Lh Oxf hhh °.) 
Vee 
hyhzhg DP Oq' ( (h;)” Ogi 


i=1 


V = 


where q; are basis unit vectors of orthogonal systems, g’ are general orthogonal coordi- 
nates and the indexed h are scale factors. 

Using the expression of the divergence of a vector field in general coordinates, obtain 
an expression for the divergence in orthogonal coordinates of a 3D space. 

Answer: We have: 


i i 
Vek = ot (v9) 


3 


1 Eee A ee 
= ; A 
hyhghs d. Og ( h, ) 


= cor Ee (hehsA1) a a (hits As) a a (z5) 


where line 1 is the expression of the divergence in general coordinates which we obtained 
earlier (see Exercise 20), line 2 is based on the fact that the system is orthogonal and 
hence we use orthogonal coordinates, line 3 is based on the summation convention and 
assuming a 3D space, line 4 is based on the fact that in orthogonal systems the metric 
tensor is diagonal and hence g (which is the determinant of the covariant metric tensor) 


321 Tn fact, these are vector calculus definitions more than tensor calculus definitions. However, we prefer 


these for clarity and to avoid lengthy clarifications. 
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30. 


is given by: 
J = 911922933 = (hihghs)” 
and line 5 is based on using physical components A’ (= h;A’ with no sum on 7) while 
line 6 is just an expansion of line 5 for the sake of clarity. 
Define the curl of a vector field A in orthogonal coordinates of a 3D space using deter- 
minantal form and tensor notation form. 
Answer: 
Determinantal form: 


high nods hsqs 
VxXA=7o 7) al Oe Ge 
hyA, hyAg hzgAz 


where the symbols are as explained in the last two questions. 
Tensor notation form: 


IV ‘e Al, “> Gijnles O( (hy, Ax) 
h thohs Ogi 
with no sum over 7. 
Using the expression of the Laplacian of a scalar field in general coordinates, derive an 
expression for the Laplacian in orthogonal coordinates of a 3D space. 
Answer: We have: 


ap as I. 
Vv’ f Fi ; (./990;f) 


= pee iy OF 
= yao (via) 

3 4 OF 
- Lom (vids 35 


j=l 
3 
VI > Og (vas Oq' 


ee 3 @ (tutet OF) 
hyhghs ar OgeRcGhl 100? 
where line | is the expression of the Laplacian in general coordinates which we obtained 
earlier (see Exercise 25), line 2 is based on the fact that the system is orthogonal and 
hence we use orthogonal coordinates, line 3 is based on the summation convention and 
onan a 3D space, line 4 is based on the fact that in orthogonal yet we have 
g se of where g” represents the 


gr ae component, and line 5 is based on the fact ia in orthogonal systems we 
have: 


V9 _ hyhoh3 and g’ = 5) 
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31. Why the components of tensors in cylindrical and spherical coordinates are physical? 
Answer: Because all the basis vectors are normalized and hence they are dimensionless 
with unit magnitude." Consequently, all the components in these systems are physical 
with unified physical dimensions. 

32. Define the nabla and Laplacian operators in cylindrical coordinates. 

Answer: They are: 


i 
YS 60 ©9709 + e,0, 


1 1 
V2 = Oop 50 72000 L Ove 


where e€,, 4, €z are unit basis vectors and Op) = O,0p, Oso = OgOy and Oz, = O02. 

33. Use the definition of the gradient of a scalar field f in orthogonal coordinates and 
the table of scale factors (which is given in the book) to obtain an expression for the 
gradient in cylindrical coordinates. 

Answer: The gradient of a differentiable scalar field f in orthogonal coordinate systems 
of a 3D space is given by: 


Of _ BOf , a3 Of 
hy Oq! ho Oq? hg Oq? 


Vf 


Now, in cylindrical systems we have: 


qg =p ¢=¢ g=z 
qi = &p Q2 = &% q3 = 


Hence, the above equation becomes: 


Of lof __ of 


VES "eg, 6 ad ae 


34. Use the definition of the divergence of a vector field A in orthogonal coordinates and 
the table of scale factors (which is given in the book) to obtain an expression for the 
divergence in cylindrical coordinates. 

Answer: The divergence of a differentiable vector field A in orthogonal coordinate 
systems of a 3D space is given by: 


= rick Es (hots Ar) + a (tits As) + = (IuhaAa) 


Now, in cylindrical systems we have: 


[33] Tn this question and answer we are referring to the commonly used cylindrical and spherical coordinate 
systems noting that these systems can also be represented by covariant and contravariant forms. 
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30. 


36. 


q =p g=¢ g=z 

hy =1 ho =/ hs =1 

A, = A, Ap = Ag As = A, 

Hence, the above equation becomes: 
1[o O O 
-A = —|—(pA Ag) 4 Az 
VA = 215 (A) + 55 (4s) + 5 (PAD) 
1[o OAs OA, 
= —|—(pA 


Write the determinantal form of the curl of a vector field A in cylindrical coordinates. 
Answer: 
1| & Pes & 
VxA=-|0, O04 20, 
A, pAg Az 
where the symbols are as explained earlier. 
Use the definition of the Laplacian of a scalar field f in orthogonal coordinates and 
the table of scale factors (which is given in the book) to obtain an expression for the 
Laplacian in cylindrical coordinates. 
Answer: The Laplacian of a differentiable scalar field f in orthogonal coordinate sys- 
tems of a 3D space is given by: 


3 
1 O [hyhehs3 sf 
Vf = , ( | 
J hyhgh3 d. Og \ (hi)? Og 
Now, in cylindrical systems we have: 
q =p g=¢ g=z 
hy = 1 ho =/p hg = 1 


Hence, the above equation becomes: 
LO Of iol aie g Of 
vt = ja (635) * 535 (G35) * 9B: (P3 fog 
i pop \Pdp) * pao \pad) " paz \Pdz 
_ po (3) l1Opof 190 (ra6) +7 
p0p\ 0p) pdpdp  pdd \ pad 
of 10f 10 (225) 44 
Op? pOp  p0o \ p de 
OF TOF AIL (24) pa 
Op? pOp — ppdo \ 0G 
OF 10f . Ve. oF 
Op? pdp p dg A# 
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1 i 
= Oysf'4 Pal pal ood t Ove f 


where in line 2 we used the product rule of differentiation, and in line 4 we used the 
fact that the coordinates are independent of each other. 

37. A scalar field in cylindrical coordinates is given by: f(p,¢,z) = p. What are the 
gradient and Laplacian of this field? 
Answer: We have: 


1 
Vi = -e,0,f + eo Oot +e,0,f 


Al 
= SPOR SA O80 20a 
= e,+0+0 
= <7) 
9 1 1 
Vp = Onat Onf 5 bef + O.,f 
p p 
| 1 | 1 | 
— Oop? T Boer T palo? T Ozz() 
1 
= Oe =s 0-50 
p 
i 
p 


38. A vector field in cylindrical coordinates is given by: A (p,¢,z) = (32,7¢7, 27 cos p). 
What are the divergence and curl of this field? 
Answer: We have: 


1 
Vea Ss p [Op (pAp) + OsAg + pd-A_] 
1 
= ‘ [8, (03z) + Og (7G?) + pd, (z? cos p) | 
1 
= ; [3z + 27 + 2pz cos p] 
1| &e Pee & 
Woe SS 05. Oy Oe 
Pl A, pAg Az 
€, pes e, 
= Ox. “Os 0: 


3z pd? z* cosp 


e, [dg (27 cos p) — 0. (prd”)] — 


Dlr Ble 
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ee 
“e: 9, (emd*) — 95 (32)] 


= “ey [0 — 0] — eg [—z’ sin p — 3] + ne: [7¢? — 0] 


= 65 (2 sin p + 3) +e, (=o) 


39. Repeat exercise 33 with spherical coordinates. 
Answer: The gradient of a differentiable scalar field f in orthogonal coordinate systems 
of a 3D space is given by: 


_ a OF Qo OF qs Of 
hy Oq! : hg Oq? | hg Oq? 


Vf 


Now, in spherical systems we have: 


Gg =e g=90 g=¢ 
qi = €, Q2 = &¢ 93 = &% 
h,=l1 hg =r hz =rsind 


Hence, the above equation becomes: 


OF e, Of | ey Of 


Vise. ' ¢ 06 rsind dd 


40. Repeat exercise 34 with spherical coordinates. 
Answer: The divergence of a differentiable vector field A in orthogonal coordinate 
systems of a 3D space is given by: 


A= ae Es (n hs Ay) + ia (tits As) 7 5 (5) 


Now, in spherical systems we have: 


g=r q’ =0 g=¢ 
hy=1 hg =r hg =rsin@ 
A, =A, Ay = Ag As = Ag 
Hence, the above equation becomes: 
1 Oner eg. O : O 
VeA = Say E (r? sin@A,) + 30 (rsin 6Ag) + 56 (rAs)] 
2 . 
| sin Gos A,) | O (sin 0 Ag) | O46 
r? sin 6 Or ald Oo 
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41. Repeat exercise 35 with spherical coordinates. 
Answer: 
1 e, reg rsinéeg 
VxA= “aad O,. Oo O~ 
r*sin A, rAg rsinéAg 


where the symbols are as explained earlier. 

42. Repeat exercise 36 with spherical coordinates. 
Answer: The Laplacian of a differentiable scalar field f in orthogonal coordinate sys- 
tems of a 3D space is given by: 


if SO hehehe oI) 
Vf= : 
J hy hgh Pz Oq' ( (hi)? oq 


i=1 


Now, in spherical systems we have: 


g=r q’ = 0 3= 6 
et (oe hz =rsin@ 
Hence, the above equation becomes: 
1 O < £0) 1 O /r?sindd 
ede r2 sin 0 Or (v?sino 2) , r? sin 6 06 ( cr = : 
Lt ~ OF for sine OF 
r? sin 6 0@ (5 sin? 0 a 


_ 1a 20d toot : age | i ek 
r? Or dr) ° r? sind 06 00) ° r2sin? 6 d¢? 


= MOOT, Tore oF 5 sinh sO" f ~.. cost oF 1 Of 
2 Or?" 7? Or Or * r2 sind 062 | r2sind 0 | r2sin?6 d¢? 
Of 20f Loo F _ cosO OF | 1 Of 


Or? 


ror 12002 r2sin@ 00° r2sin? 6 0¢? 


where in step 3 we used the product rule of differentiation. 

43. A scalar field in spherical coordinates is given by: f (r,6,¢) = r? +6. What are the 
gradient and Laplacian of this field? 
Answer: We have: 


1 
Vi = ed,f +es-dof +e 


1 
= e,2r+e,—+0 
ia 


il 
= e,2r+eg- 
e 


= 
ea 
| 


2 
Onn f Ord I 3 Oo0f y vie Oof y oa rp look 
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2 cos 0 
r (2r) r2 sin 6 
_ « , COs 7 
- r? sin 0 
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44. A vector field in spherical coordinates is given by: A (r,0,¢) = (e",5sin¢,In@). What 


are the divergence and curl of this field? 
Answer: We have: 


2 (sin 0Ag) OAs 


a0. || «Ab 


O(sind5sind) | Olé 


1 . ,0(r7A,) 
-A = 0 
% r? sin 6 sin Or 
ik _ O(re") 
2 sin O ang Or 
~ -r2sin 6 
— r2sin b 
= : 9 [2e” sin 6 + re” 
rsin 


where in line 3 we used the product rule of 


rT 39 er 


2re" sin @ + re" sin + 5r cos @ sin d| 


sin # + 5 cos @ sin ¢| 


differentiation. 


l e, reg rsinéeg 
VxA = Poa O,. Op O~ 
msm’ | A, rAg rsin OAg 
1 e, Teg rsin deg 
— pane O,. Op On 
eee e’ rdsing rsind|lné 
e, ; : 
See, Oo (r sin 6 In 0) — Og (r5 sin d)] — 
Treg ¥ . 
Bap 0, (r sin 6 1n @) — Og (e")| + 
S su (0, (r5 sin @) — do (e”)] 
r? sin 8 
=~ aS cos in6 + rsinds — r500s6| _ 
€6 7 
a [sin # In 8 — 0] + 
¢ [5sin ¢ — 0] 


1 ] 
eas (cos#ind + j sind ~ 50050) — ey ue 


6 


r sin @ 


| 


sin 0 (2re”) + sin@ (re") + 5r- cos @ sin ¢ + 0] 


Chapter 7 


Tensors in Application 


1. Summarize the reasons for the popularity of tensor calculus techniques in mathematical, 


scientific and engineering applications. 

Answer: These techniques are beautiful, powerful and succinct. 

. State, in tensor language, the definition of the following mathematical concepts as- 
suming Cartesian coordinates of a 3D space: trace of matrix, determinant of matrix, 
inverse of matrix, multiplication of two compatible square matrices, dot product of two 
vectors, cross product of two vectors, scalar triple product of three vectors and vector 
triple product of three vectors. 


Answer: 
tA) AG 
1 
det(A) = gy Sisk elm Ait AjmAkn 
1 
= = Mei 
[A ie 7 2 det (A) €ipg Cian Aieing 
[AB], = Ay Bj 
a-b = 6,;a;b; = a,b; 
[ax b]; = eijna;de 
a-(bxc) = €;~a;b;Cx 


lax (bxc)]; = 


ispehim ag biCm 


where A and B are square matrices and a, b and ¢ are vectors. 
. From the tensor definition of A x (B x C), obtain the tensor definition of (A x B) x C. 
Answer: We have: 


AX(BxC)], = €ijx€ximAj;BiCm 
(Bx C)x A), = —€ijn€ximAj;BiCn 
(Ax B)xC], = -€ijx€ximCjArBm 
(Ax B)xC], = €;€kimCj;ALBm 
(A xB) xC], = ikm€xjAjBiCn 
(A x B) x C], = €ikmejnAjBiCm 


where line 2 is justified by the anti-commutative property of cross product of vectors 
lie. vector A and vector (B x C)], in line 3 we relabel the three vectors, in line 4 we use 
the anti-symmetric property of the permutation tensor, in line 5 we relabel the dummy 
indices, and in line 6 we use the cyclic property of the indices of the permutation tensor. 
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4. We have the following tensors in orthonormal Cartesian coordinates of a 3D space: 


A = (22, 31, 6.3) B = (3¢, 1.8, 4.9) C = (47, 5e, 3.5) 


qt 3 Be 6P 
p=[Te] B= [e 7] 
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Use the tensor expressions for the relevant mathematical concepts with systematic sub- 
stitution of the indices values to find the following: tr (D), det (E), D~', E-D, A-C, 
Cx B,C.-(A x B) and Bx (Cx A). 


Answer: 
e tr(D): 


e det (E): 


det (E) 


tr(D) = Dy = Dy t+ Dy» =7+e 


ij bi E52 


€11 1 yg + €92. Fo) Foo + €12 F112 + €21 Foi Fi2 


0+0+ By Fog — oF 2 
(3 x 7) — (ne?) 
21 — re? 


e D~!: we use the formula: 


[D-]., 


Ww 


Therefore, we have: 


(Dp 


11 


1 
Be Die 
det (D) 7” 
l il il i2 i2 
det (D) (5); Du + djoDa1 + 07) Dia + 555D22) 
1 
det (D) (6;Du + 6}3Da + 6;7D12 + 613Do2) 
1 
0+0+0+D 
det (D) ( 22) 
Dy 
det (D) 
det (D) (63, Du + 634 Dai +t 05, Dia + 635Do2) 
1 
—— (0+0-D 0 
det (D) (0+ 12 + 0) 
—Dyp2 
det (D) 
1 


(67, Du + 675Do + Odie + 6{3Do2) 
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Se jG pe a0) 
~ det (D) 5 
es 
det (D) 
= 1 
[D milla = Feb (D) (2111 + baaDar + S51 Dia + b99D22) 
1 
- Du +0+04 
det (Dy | seer Oey) 
_— Pu 
det (D) 
Now, det (D) = me — 12 and hence: 
D2 = 1 Do, = —Dy2 
det (D) | —Da Du 
> i e -3 
— me—-12|—-4 a 


e E-D: we use the formula: 


[E- D],; = FixDej = En Dij + Ei2Doj 


that is: 

[E . Di, 
37 4 
on 4 


[E , Dj,» 


[E : DJ», 


q+ 
[E , D),5 
13 4 
37° 4 


Hence: 
_ | 304+ 4e? 


n* + 28 


By Dy + Ey2Do1 


e74 
Ae? 


Fy Dy + Fy2D 2 
3x 3+e7e 
9.2 

Fy Dy + LoDo 
wat+TxA 


28 


Eg, Dig + Eo2Do2 


| Te 
| Te 


O42 
3n3 + Te 


7 TENSORS IN APPLICATION 


= AC, + AoC. + A3C3 


~ 1184.15 


eC xB: we use the formula: 


[C x B] 


i = CijrC7Br 


22 x 47+ 3m x 5€+ 6.3 x 3.5 
1034 + 157e + 22.05 


Now, since €;;, is zero when we have repetitive indices then: 


when 7 = 1 we have €111 €112 €113 €121 €122 Ey 


31 = €133 = 0. 


when 7 = 2 we have €211 €212 €221 €922 €223 €2 


32 = €233 = 0. 


when 7 = 3 we have €311 €313 €392 €393 €331 €3. 


Hence, we should have: 


32 = €333 = 0. 


[C x B], = €193C2.B3 + €132C3Be +0+0 


= CyB; = C3.By 
= 5ex 4.9—3.5 
= 24.5e —6.3 


x 1.8 


[C x B], = €913C Bs + €931C3B, +O+0 
= —C; Bs Tr C3B, 


= -47x4.9+3. 


5D xX 38e 


= —230.3+4+ 10.5e 
[C x Bl; = €s12C1. Bo + €321C2B, + 04+ 0 


= CB _ CoB, 


= 47x1.8—D5e x 3e 


= 846 —15e? 
Hence: 


CxB 


I 


(60.30, —201 


e C-(A x B): we use the formula: 


.76, —26.24) 


(24.5e — 6.3, 10.5e — 230.3, 84.6 — 15e”) 


C. (A x B) = €ignhCi A; By 


133 


Now, since €,;, is zero when we have repetitive indices then we should have only 6 
non-vanishing terms which represent the non-repetitive permutations of 123, that is: 


C- (A x B) = €193C' Ag B3 4 
€132C'A3 By 4 


+ €319C'3A1 Bo 4 


+ €931C'2A3By + 


7 €213C'2A1 Bs 7 


+ €3910'3A9 By 
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= +0) A2B3 + C3A,Bo + C2A3By, 

—CA3 Bg — C2A;,B3 — C3A2B, 

= +447 x 37 x 4.94 3.5 x 22 x 1.84 5e x 6.3 x 8e 
—47 x 6.3 x 1.8 — 5e x 22 x 4.9 — 3.5 x 3m x 8¢e 

= 690.97 — 394.38 + 94.5e? — 539e — 31.57 

~ 740.26 


e B x (C x A): we use the formula: 
[B x (C x A)]; = €ijkEkimBjCiAm 


Now, since €;;, is zero when we have repetitive indices then we should have only 6 non- 
vanishing terms which represent the non-repetitive permutations of 123. This similarly 
applies to €xim; however the index k of €gim, is fixed by the index k of €;;, and hence 
we have only 2 non-vanishing permutations for each one of the six permutations of €;;, 
(i.e. the non-repetitive permutations of lm with | 4 k and m #k). Accordingly, we 
should have a total of 12 non-vanishing terms, i.e. 4 non-vanishing terms for each value 
of 7, that is: 


[B x (C x A)], 


€123€312 ByC Ag + €132€213B3C) Ag + 
€123€321ByC2 Aq + €132€231 B3C3A1 
= BoC\A2.+ B3CA3 — BoCoA, — B3C3Ay1 
= 18x 47x 3r+49 x 47 x 6.3—1.8 x 5e x 22 —4.9 x 3.5 x 22 
aa Le a 
[B x (C x A)], = €913€312B, C1 Ag + €231€123B3C'2A3 + 
€213€321 By C2 Aq + €231€132B3C3A2 
= —B,C)A2 + B3C2A3 + By CoA; — B3C3A2 
—3e x 47 x 87 + 4.9 x 5e x 6.3 + 3e X 5e x 22 — 4.9 x 3.5 X 37 
—915.99 
[B x (C x A)]s = €312€213B1C1 A3 + €321€123B2C2A3 + 
€312€931 By C'3A, + €321€132BaC'3A2 
= —B,C,A3 — BoC2A3 + BiC3A1 + BoC3A2 
—3e x 47 x 6.3 —1.8 x 5e X 6.3+ 3e x 3.5 X 224+ 1.8 x 3.5 x 37 
~ —1881.48 


I2 


Hence: 
B x (C x A) ~ (1332.71, —915.99, —1881.48) 


5. State the matrix and tensor definitions of the main three independent scalar invariants 
(7, IT and I/J) of rank-2 tensors. 
Answer: They are: 
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LE: ete (A’) =AgAn 
TIT = tr (A®) = AyAje Ani 


where A is a rank-2 tensor. 

6. Express the main three independent scalar invariants (J, JJ and IJ/) of rank-2 tensors 
in terms of the three subsidiary scalar invariants (11, [2 and I3). 
Answer: They are:!*4! 


I = ii 
1h eae cure ey 


7. Referring to question 4, find the three scalar invariants (J, JJ and IJ) of D and the 
three scalar invariants (1, [2 and J3) of E using the tensor definitions of these invariants 
with systematic index substitution. 


Answer: 
e We have: 
I(D) = Di 
= Diy+ De 
= m7+e 
~ 5.86 


TED). = Debs 
= DyDy + Di2Da1 + Da Di2 + D22D22 
= WXA+3x4+4x3+eEXE 
= n?4+24+e? 
~ 41.26 
HED) = Dye 
= DyDyDu + Di2DaDu + DuiDi2Da + Di2D2D21 + 
Dy Dy Diz + DogD1 D2 + Dar D12D22 + Do2D22D 2 
= n°+12r+1274+12e + 127 + 12e+ 12e + ° 


= 724367 + 36e+ e° 


~ 262.05 
e We have: 
= £y4+ Eo 
= 3+7 


34] We note that some of these definitions may belong to 3D specifically. 
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I, (E) a 


10 

i 

5 (Bkij — Bij Ei) 

1 

5 (Eu Bur + Ey Boo + BoE + E22 E 2) — 
1 

9 (Fy Fur + Fiabe + Eo Fy2 + Eo2k 22) 

i | | | 1 L po273 1 73,2 | 
5 (9+ 21+ 21 + 49) — 5 (9 + e*n® + me” + 49) 
ga a 

—208.11 

det (E) 

€4j Hi Ej2 


6 Ey Eye + €29 Fo) B92 + €12F41 Lo2 + €21 Fo Fite 
0+0+4+ Fy, Boo — Eo1Fi2 

(3 x 7) — (we?) 

21 — ne? 


—208.11 


8. State the following vector identities in tensor notation: 


Vxr 
V-(fA) 

A x (V x B) 
V x (A x B) 


= 0 
= (VALAVi 

(VB)-A—A-VB 

= (B-V)A+(V-B)A-(V-A)B-(A-V)B 


Answer: Assuming Cartesian coordinates, we have: 


xjROjTR 

0; (Ff Ai) 
€ijk€klmAjO1Bm 
€ijk€klmO; (Ai Bn) 


0 
JOA AGO 


9. State the divergence and Stokes theorems for a vector field in Cartesian coordinates 
using vector and tensor notations. Also, define all the symbols involved. 
Answer: Assuming Cartesian coordinates, we have: 


e Divergence theorem: 


| V-Adr = i A-ndao 
2 S 
Q S 
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10. 


where A is a differentiable vector field, Q is a bounded region in an nD space enclosed 
by a generalized surface S, dr and do are generalized volume and area differentials, n 
and n; are the unit vector normal to the surface and its 7” component, and the index 
7 ranges over 1,...,7. 

e Stokes theorem: 


| 
> 
& 
8 


[fox a) nao 


/ €4jh0;, Annido => i A,dx; 
S Cc 


where C’' stands for the perimeter of the surface S, and dr is a differential of the position 
vector which is tangent to the perimeter, x; is a Cartesian coordinate while the other 
symbols are as defined in the first part. 

Prove the following vector identities using tensor notation and techniques with full 
justification of each step: 


Vir =n 
V-(V x . =) 
A:-(BxC) = C-(A xB) 
Vx(VxA) = V(V-A)-V’A 
Answer: Assuming Cartesian coordinates, we have: 
eV-r=n7: 
Va =" 0as 
= Oi 
=n 
where line 1 is the definition of divergence, line 2 is the identity 0,7; = 6;; with j = 1, 
and line 3 is the identity 6;; =n which is given in the book and proved in Exercise 22 
of § 4. 
eV-(V x A) =0: 
V-(VxA) = O;[V x A], 
= 0; (€ijn0j Ax) 
=  €4j,0;0; Ax 
= €4j,0j0; Ax 
= —€;5n0;0; AR 
= —€;;40;0; AK 
= 0 
where line 1 is the definition of divergence, line 2 is the definition of curl, line 3 is 
the constancy of components of the permutation tensor, line 4 is the commutativity 
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Tk. 


of partial differential operators, line 5 is the anti-symmetry of the permutation tensor, 
line 6 is relabeling of dummy indices, and line 7 is based on comparing line 6 with line 
3 plus the fact that only 0 is equal to its negative. 

eA-(BxC)=C.-(A x B): 


A-(BxC) 


aw bor Oy 
Cp ALD Cy 
€nij Ce Ai B; 
C-.(A xB) 


where line 1 is the definition of scalar triple product, line 2 is the cyclic property of 
€ijz, line 3 is the commutativity of ordinary multiplication, and line 4 is the definition 
of scalar triple product. 

eVx(VxA)=V(V-A)—-V?7A: 


[Vx (Vx A)], = 65”0;[V x A], 
= CHnC, (€kimOtAm) 
Een; LOLAne) 
= €ijk€lmkOjO1Am 
= ((On0jn = Candi O;0rAm: 
= 0:16 gO, OA, = Digi 10; Oram: 
= Om0;Am — 00,4; 
= 0;(OnAm) — OnAi 
= [V (V : A)]; 3 [V*A] 
= [V(V-A)-V°’A] 


i 
i 

where line 1 is the definition of curl (first curl), line 2 is the definition of curl (second 
curl), line 3 is the constancy of components of the permutation tensor, line 4 is the cyclic 
property of €xim, line 5 is the epsilon-delta identity, line 6 is the distributivity of product 
over algebraic sum, line 7 is index replacement operation, line 8 is the commutativity 
of partial differential operators and the definition of second derivative, line 9 is based 
on the definitions of gradient, divergence and Laplacian, line 10 is the distributivity of 
indexing over algebraic sum of tensor terms. Since 7 is a free index, then the identity 
equally applies to all components and hence: 


Vx(VxA)=V(V-A)-VWA 


as required. 

What is the type, in the form of (m,n, w), of the Riemann-Christoffel curvature tensor 
of the first and second kinds? 

Answer: The type of the first kind is (0,4,0) while the type of the second kind is 
€L,.3, 0): 


7 TENSORS IN APPLICATION 139 


12. 


13. 


14. 


1s 


16. 


What are the other names used to label the Riemann-Christoffel curvature tensor of 
the first and second kinds? 

Answer: The first kind may be called the covariant or totally covariant Riemann- 
Christoffel curvature tensor, while the second kind may be called the mixed Riemann- 
Christoffel curvature tensor. 

What is the importance of the Riemann-Christoffel curvature tensor with regard to 
characterizing the space as flat or curved? 

Answer: The Riemann-Christoffel curvature tensor vanishes identically iff the space 
is globally flat. Hence, by testing the Riemann-Christoffel curvature tensor we can 
determine if the space is flat (if the tensor vanishes identically) or curved (if not). 
State the mathematical definition of the Riemann-Christoffel curvature tensor of either 
kinds in determinantal form. 


Answer: 
On O; l, M 
Rijn | kal Gal | | el ier 
oO, O Ea ne 
ce i i {tl i 
aM fa Di Pi er 


How can we obtain the Riemann-Christoffel curvature tensor of the first kind from the 
second kind and vice versa? 

Answer: The first kind can be obtained from the second kind by lowering the first 
index of the second kind, while the second kind can be obtained from the first kind by 
raising the first index of the first kind. 

Using the definition of the second order mixed covariant derivative of a vector field and 
the definition of the mixed Riemann-Christoffel curvature tensor, verify the following 
equation: Aj.4. — Ajax = Rep Ai. Repeat the question with the equation: Arg — Arn = 
Roy A. 

Answer: 

e In question 52 of § 5 we obtained: 


Aijz — Aiki = —AyO,T%, as rg02 As + A,O,T?, — rere, As 
= (Ol — OY, +1302; — PET 3) Ao 
a Rijn Ap 


On relabeling the indices, we obtain: 
Ajgaa — Ajak = Rij Ai 


which is the required result. 
e In the book we obtained the following equations: 


A‘, = O,OjA° +1 ,OpA* — 4,004 + 1% ,0;A% + A® (OT; — TEP 5g + VES 5) 
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We 


18. 


19: 


20. 


Atay = OjOeA' + OjA* — PejO.A* + TyjOeA* + A® (OT oe — Paglia + TijPex) 


a. 


On taking the difference we obtain: 


Aes 
= O,0;A' +1 j;0nA® —19,0.A* +14, 0;A° + A® (OTS; — UT ba + Pil 85) - 
[Oj0,A* + 1% ,0j;A% —T¢0.A' + 14 ,O¢A% + A® (OP, — PRTia + U5; T ex) | 
= A®* (OT + TP ay) — A* (OT cx + Taylan) 
= (OTS; =O 4+ rl = he a 
— Rigg A 


On relabeling the indices, we obtain: 
A’ i AX, = Rigel 


which is the required result. 

Based on the equations in question 16, what is the necessary and sufficient condition 
for the covariant differential operators to become commutative? 

Answer: The covariant differential operators become commutative iff the Riemann- 
Christoffel curvature tensor vanishes identically. 

State, mathematically, the anti-symmetric and block symmetric properties of the Riemann- 
Christoffel curvature tensor of the first kind in its four indices. 

Answer: 


Ry = Rize 
Rijk = —Rijea 
Rey = +PRizn 


where line 1 is the anti-symmetric property in the first two indices, line 2 is the anti- 
symmetric property in the last two indices, and line 3 is the block symmetric property. 
Based on the two anti-symmetric properties of the covariant Riemann-Christoffel cur- 
vature tensor, list all the forms of the components of the tensor that are identically zero 
(e.g. Pe): 

Answer: Any component with at least a pair of identical anti-symmetric indices should 
vanish identically. Hence, the forms of the components that are identically zero are: 


Two indices identical: = Rij, Haze Raikh 
Three indices identical: Riz Fiega Rejkk Riker 
Four indices identical: Ri 


Verify the block symmetric property and the two anti-symmetric properties of the co- 
variant Riemann-Christoffel curvature tensor using its definition. 
Answer: 
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e Block symmetric property: 


Riaij : (Q:O1g;k + OG — WOKGy — O,AGin) + 9"* ([k7, 7] [l4, 8] — [Ki,r] [L7, 5]) 
= ; (Q.0;95% + OvO; Gu — OnOign — HO;Gin) + 9"* ([kI, 7] (la, 8] — (ki, r] [17, s]) 
= ; (O.0; 91 + HOG; — OG — HO;9in) + 9"° (li, 5] [kI, 7] — [ki,r] [17, s]) 
= ; (W059 + HO:95% — O-O:9; — 10; 9ni) + 9" ([il, 8] (Fk, 7] — (2k, r] [91, ]) 
= ; (O.0; gu + HO:gjr — HOG; — HO; 9xi) + 9"° ([il, 7] [Jk, 8] — [ik, r] [91, s]) 
= ee 


where line 1 is obtained from the given definition of the covariant Riemann-Christoffel 
curvature tensor (which is given in the book as R;;4,) with relabeling the indices (¢jkl 
klij), line 2 is the commutativity of partial differential operators, line 3 is reordering of 
terms and factors, line 4 is the symmetry of the metric tensor and the symmetry of the 
Christoffel symbols in their paired indices, line 5 is relabeling of dummy indices plus 
the symmetry of the metric tensor, and line 6 is the definition of R;;,, which is given in 
the book. 


e Anti-symmetric property in the first two indices: 


1 : : ; : 
Ryaki = 3 (OO: guj ae O10; ik = nO; Git = O10; 9x; ) age (Ll, r| [ik, s| -_ jk,r] [il, s}) 


1 . . : : 
_ E (On0;9:1 or O0;9k; = OnOi 91 ca O10;9ik) se ie ( jk, r| [20, s|— [7l, r| lik, 8 ) 


1 ‘ , ; ; 
= E (On0;. 91 on OG jk oa OpOiGj1 _ O10; 9ki) og ( al, s| [7k, r| — |tk, 5] [7!, r ) 


1 
_ E (OxOjgu + HOG;r — O-Oigg1 — HOj9ei) + 9" ([l, r] Vk, 8] — lk, r] (gl, s ) 
= —Rijki 


where line 1 is obtained from the given definition of the covariant Riemann-Christoffel 
curvature tensor with relabeling the indices (ijkl > jikl), line 2 is taking a common 
factor of —1, line 3 is the symmetry of the metric tensor plus reordering, line 4 is 
relabeling of dummy indices, and line 5 is the definition of Rj;;,. which is given in the 


book. 


e Anti-symmetric property in the last two indices: 


1 
aie = 5 (1.0; 9%i + OnOi9;1 — AHOi9;% — O40; 9u) + 9° (tk, r] (gl, s] — [2l, r] [yk, s]) 


1 
= (O,0:9;% + 0.0; 91 — 10; 9% — OnOiggi) + 9° ([el, 7] [k, 8] — [tk,r] [yl, 5]) 
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ZA 


22: 


1 : . ; ‘ 
aoe (A.0;9 + HO:95r — O-Oigg — A0;9ni) + 9" (Lil, r] (Zk, 8] — (tk, r] [91, 8]) 
= —Rijri 


where line 1 is obtained from the given definition of the covariant Riemann-Christoffel 
curvature tensor with relabeling the indices (ijkl — ijlk), line 2 is taking a common 
factor of —1, line 3 is reordering of terms, and line 4 is the definition of Rjj,; which is 
given in the book. 

Repeat question 20 for the anti-symmetric property of the mixed Riemann-Christoffel 
curvature tensor in its last two indices. 

Answer: 


“tk = OW, me On, a a he — Tt, 
= = (6.1, = Ol + Pile Tl) 


j 
= i 
= Rin 


where line 1 is obtained from the given definition of the mixed Riemann-Christoffel 
curvature tensor (which is given in the book as R',,,) with relabeling the indices (ijkl > 
ijlk), line 2 is taking a common factor of —1, and line 3 is the definition of R’,,, which 
is given in the book. 

Based on the block symmetric and anti-symmetric properties of the covariant Riemann- 
Christoffel curvature tensor, find (with full justification) the number of distinct non- 
vanishing entries of the three main types of this tensor (see the equations for Nj, N3 
and N, which are given in the book). Hence, find the total number of the independent 
non-zero components of this tensor. 

Answer: We have three main cases: 

(a) Entries with only two distinct indices of type Rj;;;: due to the anti-symmetric 
properties, the indices 1 and 2 should be different and the indices 3 and 4 should be 
different so that the component does not vanish identically. Moreover, since we have 
only two distinct indices then the form of this type should be either Rjj;; or Rij;i. 
However, since these two forms differ only by sign due to the anti-symmetric property 
in the last two indices (or the first two indices), then all the independent non-zero 
components of this type can be represented by just one of these forms, say R,;;;. Now, 
the number of components of this form is equal to the number of permutations of 77 and 
because i and j are distinct then the number of permutations is n(n — 1). However, 
due to the anti-symmetric properties the permutations corresponding to IJ (say 23) 
and the permutations corresponding to JJ (say 32) are identical and hence they are 
not distinct. Therefore, only half of these permutations will contribute to the number 
of independent non-zero components of this tensor, that is:!°! 


n(n—1) 


No = D 


35] We note that the given formula applies even to n = 1 since it gives Nz = 0. 
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(b) Entries with only three distinct indices of type Rjjx:: due to the anti-symmetric 
properties, the indices 1 and 2 should be different and the indices 3 and 4 should be 
different so that the component does not vanish identically. Therefore, the identical 
indices should be either 1 and 3 (ie. Riji,), or 1 and 4 (ie. Rjj,;), or 2 and 3 (ie. 
Ryn), or 2 and 4 (ie. Ryizi). Now, due to anti-symmetry the forms Rj, and Ri;x: 
are not independent and the forms Rji, and Riz; are not independent and hence we 
are left with R;;,; (representing the first two forms) and Rj, (representing the last 
two forms). However, due to anti-symmetry we have Rijn; = —Rjiki = Rjiix and hence 
even these two forms are not independent. Therefore, all the independent non-zero 
components with only three distinct indices are represented by a single form, say Rjjxi. 
Now, since the last 7 is not independent (and hence all the components represented by 
Rij”; can be similarly represented by R;;,) then the number of components represented 
by this form is equal to the number of permutations of 77k and since these three indices 
are distinct then we should have n(n — 1) (n — 2) permutations. However, due to the 
anti-symmetric property in the first two indices then Rij, = —Rjix (e.g. Rieg = —Roiz) 
and hence only half of these permutations will contribute to the number of independent 
non-zero components of this tensor, that is:4 


n(n —1)(n— 2) 


N3 = 5 


(c) Entries with four distinct indices of type Rij: the number of components rep- 
resented by Rj; is equal to the number of permutations of 7jkl which is given by 
n(n — 1) (n — 2) (n — 3) since all these indices are distinct. However, due to the anti- 
symmetric property in the first two indices we should halve this number since the 
shift in indices produces only difference in sign and hence the components that are 
opposite in sign are not independent. This similarly applies to the anti-symmetric 
property in the last two indices and hence we should halve again. So, we are left with 
[In (n — 1) (n — 2) (n — 3)] /4 non-vanishing and potentially independent components. 
Now, the block symmetric property will reduce this number by a factor of 2 because all 
the remaining components have no anti-symmetric correspondence since it is already 
removed and hence the two blocks are like two indices and hence by the block symme- 
try we should also halve. This means that we are left with [n (n — 1) (n — 2) (n — 3)] /8 
non-vanishing and potentially independent components. Finally, the first Bianchi iden- 
tity links each set of three of the remaining components and hence one of the three can 
be expressed in terms of the other two and therefore it is not independent. This means 
that the number will be reduced by a factor of 2/3 (since one third of the three is depen- 
dent on the two thirds). Hence, the number of the independent non-zero components 
that are contributed by this type is:7 
n(n—1)(n-2)(n-3) 2 n(n—1)(n—-2)(n—-83) 


N4 — x — 
8 3 12 


[36] We note that the given formula applies even to n = 1 and n = 2 since it gives N3 = 0. 
387] We note that the given formula applies even to n = 1, n = 2 and n = 38 since it gives Ny = 0. 
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To clarify case (c), we present in the following table how Ny, is obtained for the case 
of 4D space (i.e. nm = 4) where in column 1 we include all the permutations |i.e. 
n(n —1)(n— 2) (n—3) = 24], in column 2 we apply anti-symmetry in the first two 
indices [i.e. n(n — 1) (n — 2) (n — 3) /2 = 12], in column 3 we apply anti-symmetry in 
the last two indices [i.e. n(n — 1) (n — 2) (n — 3) /4 = 6], in column 4 we apply block 
symmetry [i.e. n(n — 1) (n — 2) (n — 3) /8 = 3], and in column 5 we apply the first 
Bianchi identity fie. n(n — 1) (n — 2) (n — 3) /12 = 2] since Rigoa = Rio34 + Ryag3. 


1234 


1234 


1234 


1234 | 1234 


1243 


1243 


1324 


1324 


1324 


1324 


1342 


1342 


1423 


1423 


1423 


1423 | 1423 


1432 


1432 


2134 


2143 


2314 


2314 


2314 


2341 


2341 


2413 


2413 


2413 


2431 


2431 


3124 


3142 


3214 


3241 


3412 


3412 


3412 


3421 


3421 


4123 


4132 


4213 


4231 


4312 


4321 


Accordingly, the total number of the independent non-zero components of this tensor 


1S: 


Nex = Not+N3+ Ng 


[38] This can be shown as follows: 


Ry234 4 


Ry234 4 


+ Ry423 + Ri342 


t Ry423 — Rize24 


R324 


0 
0 
Ry234 + Ry423 


where line 1 is the first Bianchi identity and line 2 is anti-symmetry in the last two indices. 


7 TENSORS IN APPLICATION 145 


n(n—1) _n(n—lI)(n—-2) | n(n—1)(n—2)(n—3) 


2 2 12 
won Wan? —2n?+2n | (ni —n? —2n? + 2n)(n—3) 
BS 2 12 
n—2n?+n — (n3 — 3n? 4+ 2n) (n — 3) 
2 12 
n—In?+n n*—3n? + 2n? — 3n? + 9n? — 6n 
2 12 
6n?® — 12n? + 6n + n* — 3n? + 2n? — 3n3 + On? — 6n 
12 
n‘ —n? 
12 
n? (n? — 1) 
12 


23. Use the formulae found in question 22 and other formulae given in the text to find 


the number of all components, the number of non-zero components, the number of 
zero components and the number of independent non-zero components of the covariant 
Riemann-Christoffel curvature tensor in 2D, 3D and 4D spaces. 

Answer: We symbolize the number of all components with N,, the number of non-zero 
components with N,,,, the number of zero components with N, and the number of inde- 
pendent non-zero components with Np;, while we use n to symbolize the dimensionality 


of the space and hence we have: 


[39] 


ne 
N,= 7: Naz = 72 (n— 1) N, =n? (2n — 1) Neo 


n?—1) 
12 


2D 16 4 12 1 
3D 81 36 45 
AD 256 144 112 20 


24. Prove the following identity with full justification of each step of your proof: R%,,; = 0. 
Answer: We have: 


‘oat On ge — OW Ge FL — Tel 
= ORE Ge Oil op Labeg ad pela 
= 0g = OW ae 
= [A (InVg)] — A [Ox (in V9)] 

O01 (In \/g) — Ox (In V9) 

AO, (In /G) — pO (In VG) 

0 


where line 1 is the definition of R',,, (which is given in the book) with i = j = a, line 2 is 


relabeling of dummy indices in the last term, line 4 is the identity ge = 0; (In V9) which 
is given in the book, and line 6 is the commutativity of partial differential operators. 


39] We note that some of the following formulae are not given in the text or in the previous question. 
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25. 


26. 


2h 


28. 


Make a list of all the main properties of the Riemann-Christoffel curvature tensor (i.e. 
rank, type, symmetry, etc.). 

Answer: Some of these properties are: 

e It is absolute tensor. 

e It is rank-4 tensor. 

e It can be covariant of type (0,4) or mixed of type (1,3). 

e The covariant type is anti-symmetric in its first two indices and in its last two indices 
and block symmetric in the first and second pairs of indices, while the mixed type is 
anti-symmetric in its last two indices. 

e It depends only on the metric tensor. 

e It characterizes the space and hence it is used for example as a test for the curvature 
of space since it vanishes identically iff the space is flat. 

e When it vanishes the covariant differential operators become commutative. 

Prove the following identity using the Bianchi identities: Rijx.;+Rijk:s = Rikst;j+Rizjst- 
Answer: We have: 


Rijn Haima > Rgeer = 0 
ipjeroe Tapa g ts agips. = 0 
=i — aie tt Bagel 
(—Rintj)., = Rikst + Rinjsst 
(Riga + Riyjk).s = Dipeg h lagied 
Ripped Paes: = fate + aad 


where line 1 is the second of the Bianchi identities as given in the book, line 2 is 
relabeling the indices (i.e. ijklm — ikjsl), line 5 is the first Bianchi identity (i.e. 
Rijn + Rijn + Rinij = 9), and line 6 is the distributivity of covariant derivative. 

Write the first Bianchi identity in its first and second kinds. 

Answer: The first and second kinds of the first Bianchi identity are given respectively 
by: 


Rijn + Raye + Riziy 
i ' ad. 
Rg Ray PE ay = 


where the indexed FR are the covariant and mixed type Riemann-Christoffel curvature 
tensor. 

Verify the following form of the first Bianchi identity using the mathematical definition 
of the Riemann-Christoffel curvature tensor: Ry + Reijt + Rjxa = 0. 

Answer: We have: 


Rijn + Reig + Rjwa = Riza + Reig + Riajr 
= Rijn — Ring + Rijn 
Raga Hany Lage 
= Op (jl,i] — O [jk, 2] + [il], — [kyr] T+ 
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0; (kj, 1 
A; (lk, 4 
Op, [jl % 
Oj (jk, 2 
8; [kl, 
= 0 
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— 0; kl, J + [tir] Py — [rey + 
— Of (U9, a] + [ek, 7] Ti; — [ij,r] Th, 
— & [jk, é] + [él 7], — [ek 7], + 
— O; [kl, 4] + [t7, 7] Ue — [2,7] UG, + 
— On (91, t] + [tke] Uy — [29,71 Ty 


where equality 1 is the block symmetry in the last term, equalities 2 and 3 are anti- 
symmetry in the second term, equality 4 is the definition of the Riemann-Christoffel 
curvature tensor with required relabeling of indices, and equality 5 is the symmetry of 
the Christoffel symbols in their paired indices. 


29; 


What is the pattern of the indices in the second Bianchi identity? 


Answer: The pattern is that the first two indices are fixed while the last three indices 
are cyclically permuted in the three terms. 


30. Write the determinantal form of the Ricci curvature tensor of the first kind. 
Answer: 
_— 0; Ou lS; Pe 
ve i | rs, hes a re. re 


ol. 


Starting from the determinantal form of the Ricci curvature tensor of the first kind, 


obtain the following form of the Ricci curvature tensor with justification of each step 


in your derivation: R;; = 00; (In V9) +7. 


@ 


bj~ ia 


= 40, (vat) 


Answer: Using the determinantal form of the Ricci curvature tensor of the first kind 
(which is given in the answer of the previous question) we have: 


OF. 305 | aes 
fg = | re re |t | pe re 
y wa a ta 

= OV — 01%; 5 i ei = at 


where line 2 is the 


8;0; (In /g) — O14, + 137%, - 

(In /9) + THT ia 
0,0; (In V9) + VhiT in 
050; (In 9) + TTP, 


0,0; (In fg) +T%,?, - VI .r8 = a 


0,0; (In /9) + V5jP ia — 


expansion of the determinantal form, line 3 is the identity 1g 


[; (In /9)] Pi; 
— 0.0%, — 1%, (In V9) 
— 0.0%, — P%0q (In /9) 


a a 1 
Pee 


ener 
2g v9 

1 a a 
a, (/g0.1%, + TE 0aV/9) 


1 a 
a (V9 %,) 


O; (In fos line 4 is reordering of terms, line 5 is relabeling of dummy index in the last 
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32. 


33. 


34. 


term, line 6 is the rule of differentiation of natural logarithm, line 7 is multiplying the 
third term with 1, line 8 is taking common factor from the last two terms, and line 9 is 
the product rule of differentiation. 
Verify the symmetry of the Ricci tensor of the first kind in its two indices. 
Answer: We have: 

Ri = 0;0;(n/g) + TET, - = 


a (V9 %)) 
1 


Write (/oT%,) 


a l a 
= 0,0; (In /g) + ree = ae (Vols) 
1 
—90, (V9T i) 


V9 


= 0,0; (In/g) +T30%, - 


= 0,0; (In/g) + T3054 — 


where line 1 is the result that we obtained in the previous question, line 2 is the 
commutativity of the partial differential operators in the first term, line 3 is reordering 
in the second term with relabeling of the dummy indices, line 4 is the symmetry of the 
Christoffel symbols in their lower indices, and line 5 is the result that we obtained in 
the previous question with relevant index labeling (i.e. line 4 is identical to line 1 with 
an exchange of 7 and 7). 

What is the number of distinct entries of the Ricci curvature tensor of the first kind? 
Answer: Because the Ricci curvature tensor of the first kind is symmetric, then the 
number of its distinct!°! entries is: 


n(n+ 1) 
2 


How can we obtain the Ricci curvature scalar from the covariant Riemann-Christoffel 
curvature tensor? Write an orderly list of all the required steps to do this conversion. 
Answer: We do the following: 

(a) We obtain the mixed Riemann-Christoffel curvature tensor by raising the first index 
of the covariant Riemann-Christoffel curvature tensor, that is: 


Nrp = 


a ab 
Rein = I Roijr 


(b) We obtain the covariant Ricci tensor by contracting the contravariant index with 
the last covariant index of the mixed Riemann-Christoffel curvature tensor, that is: 


—e a 
Rij =f ija 


[40lTn fact, they are not necessarily distinct but they are independent, hence “distinct” in such contexts 


means “independent”. This similarly applies to the entries of anti-symmetric tensors where distinct 
in such contexts means independent and hence an entry and its negative are not distinct (ie. not 
independent) although they are distinct in a generic sense; moreover some independent entries may 
not be distinct in a generic sense. 
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30. 


36. 


37. 


(c) We obtain the mixed Ricci tensor by raising the first index of the covariant Ricci 
tensor, that is: 
RK = g' Ri; 

(d) We obtain the Ricci curvature scalar R by contracting the indices of the mixed 
Ricci tensor, that is: 

RAO =: 
Make a list of all the main properties of the Ricci curvature tensor (rank, type, sym- 
metry, etc.) and the Ricci curvature scalar. 
Answer: 
Some of the main properties of the Ricci curvature tensor are: 
(a) It is derived from the Riemann-Christoffel curvature tensor. 
b) It is absolute rank-2 tensor. 
c) It depends only on the metric tensor. 
d) It is used to characterize the space and express its curvature. 
e) It can be covariant (first kind) of type (0,2) or mixed (second kind) of type (1, 1). 
f) The covariant type is symmetric. 
Some of the main properties of the Ricci curvature scalar are: 
(A) It is derived from the Ricci curvature tensor (and ultimately from the Riemann- 
Christoffel curvature tensor). 
(B) It is absolute rank-0 tensor (i.e. scalar). 
(C) It depends only on the metric tensor. 
(D) It is used to characterize the space and express its curvature. 
Outline the importance of the Ricci curvature tensor and the Ricci curvature scalar in 
characterizing the space. 
Answer: Because the Ricci curvature tensor and the Ricci curvature scalar are de- 
rived from the Riemann-Christoffel curvature tensor, they play similar roles to those of 
the Riemann-Christoffel curvature tensor in characterizing the space and depicting its 
curvature quantitatively and qualitatively. Hence, they have important uses and appli- 
cations in several mathematical branches and physical theories like differential geometry 
and general relativity. 
Write, in tensor notation, the mathematical expressions of the following tensors in 
Cartesian coordinates defining all the symbols involved: infinitesimal strain tensor, 
stress tensor, first and second displacement gradient tensors, Finger strain tensor, 
Cauchy strain tensor, velocity gradient tensor, rate of strain tensor and vorticity tensor. 
Answer: 
Infinitesimal strain tensor: 


( 
( 
( 
( 
( 


_ Od; + jd; 

7 2 

where 7;; is the infinitesimal strain tensor and the indexed d is the displacement vector. 
Stress tensor: 


Vig 


T; = O7jN; 
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where T; is the traction vector, o;; is the stress tensor and n, is the normal vector. 
First and second displacement gradient tensors: 


Ox; Ox’. 
‘y=ao A u 
Do Oar. 


j Ox; 


EB 


where F,; is the first displacement gradient tensor, A;; is the second displacement 
gradient tensor and the indexed x and x’ are the Cartesian coordinates of an observed 
continuum particle at the present and past times respectively. 
Finger strain tensor: 
_ Ox; Ox; 

7 Ox, OX; 
where B;; is the Finger strain tensor and the other symbols are as defined before. 
Cauchy strain tensor: 


/ / 
ie OF O02; 
o Ox; Ons 


where Be is the Cauchy strain tensor and the other symbols are as defined before. 
Velocity gradient tensor: 
Vv]; = Oi; 


where Vv is the velocity gradient tensor while v and v; represent the velocity vector. 
Rate of strain tensor: 

O;0; + O;V; 
Oe = = 2 

2 
where 5;; is the rate of strain tensor and the indexed v is as defined before. 
Vorticity tensor: 
5. = Oj; = O50; 
2 

where S;; is the vorticity tensor and the indexed v is as defined before. 
38. Which of the tensors in question 37 are symmetric, anti-symmetric or neither? 
Answer: 
Infinitesimal strain tensor: symmetric. 
Stress tensor: not necessarily symmetric although it can be. 
First and second displacement gradient tensors: neither. 
Finger strain tensor: symmetric. 
Cauchy strain tensor: symmetric. 
Velocity gradient tensor: neither. 
Rate of strain tensor: symmetric. 
Vorticity tensor: anti-symmetric. 
39. Which of the tensors in question 37 are inverses of each other? 
Answer: 
The first and second displacement gradient tensors are inverses of each other. 
Finger strain tensor and Cauchy strain tensor are inverses of each other. 
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40. 


Al. 


42. 


43. 


44. 


Which of the tensors in question 37 are derived from other tensors in that list? 
Answer: 

Finger strain tensor is derived from the first displacement gradient tensor. 

Cauchy strain tensor is derived from the second displacement gradient tensor. 

The rate of strain tensor is derived from the infinitesimal strain tensor. 

Since the First and second displacement gradient tensors are inverses of each other, 
they may be considered as derived from each other. 

Since the Finger strain tensor and the Cauchy strain tensor are inverses of each other, 
they may be considered as derived from each other. 

Since the velocity gradient tensor is the sum of the rate of strain tensor and the vorticity 
tensor, it may be considered as derived from these tensors. 

Since the rate of strain tensor is the symmetric part of the velocity gradient tensor, it 
may be considered as derived from the velocity gradient tensor. 

Since the vorticity tensor is the anti-symmetric part of the velocity gradient tensor, it 
may be considered as derived from the velocity gradient tensor. 

What is the relation between the first and second displacement gradient tensors? 
Answer: As indicated earlier, they are inverses of each other, that is: 


Elie = 05 


where 0;; is the Kronecker delta and the other symbols are as defined earlier. 

What is the relation between the velocity gradient tensor and the rate of strain tensor? 
Answer: As indicated earlier, the rate of strain tensor is the symmetric part of the 
velocity gradient tensor, that is: 


_Vv+ (Vv)* 


" 2 


where S is the rate of strain tensor and the other symbols are as defined earlier. 
What is the relation between the velocity gradient tensor and the vorticity tensor? 
Answer: As indicated earlier, the vorticity tensor is the anti-symmetric part of the 
velocity gradient tensor, that is: 


~ WVv—(Vv)* 
S= ee 
2 
where S is the vorticity tensor and the other symbols are as defined earlier. 
What is the relation between the rate of strain tensor and the infinitesimal strain 
tensor? 
Answer: The rate of strain tensor is the time derivative of the infinitesimal strain 
tensor, that is: 


where S is the rate of strain tensor, -y is the infinitesimal strain tensor and t is time. 
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46. 


What are the other names given to the following tensors: stress tensor, deformation 
gradient tensors, left Cauchy-Green deformation tensor, Cauchy strain tensor and rate 
of deformation tensor? 

Answer: 

Stress tensor: also known as Cauchy stress tensor. 

Deformation gradient tensors: also known as displacement gradient tensors. 

Left Cauchy-Green deformation tensor: also known as Finger strain tensor. 

Cauchy strain tensor: also known as right Cauchy-Green deformation tensor. 

Rate of deformation tensor: also known as rate of strain tensor. 

What is the physical significance of the following tensors: infinitesimal strain tensor, 
stress tensor, first and second displacement gradient tensors, Finger strain tensor, ve- 
locity gradient tensor, rate of strain tensor and vorticity tensor? 

Answer: 

Infinitesimal strain tensor describes and quantifies the state of strain usually in contin- 
uum media such as viscous fluids. 

Stress tensor describes and quantifies the state of stress in physical objects. It is also 
used for example in transforming a normal vector to a surface to a traction vector acting 
on that surface. 

First and second displacement gradient tensors describe and quantify the displacement 
of a physical object (e.g. particle of continuum) in its historical development (i.e. rela- 
tionship between its present and past position). 

Finger strain tensor describes and quantifies the state of strain in physical objects (e.g. 
continuum media) in its historical development. This can be inferred from the fact that 
it is derived from the first displacement gradient tensor. 

Velocity gradient tensor describes and quantifies the gradient of velocity (i.e. its rate 
of variation over space) in physical objects such as liquids and gases. 

Rate of strain tensor describes and quantifies the local rate at which neighboring ma- 
terial elements of a deforming continuum move with respect to each other. 

Vorticity tensor describes and quantifies the local rate of rotation of a deforming con- 
tinuum medium. 
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125, 127, 128, 137 
Differential operator, 3, 35, 101, 113, 114, 140 
Dimension of space, 3, 18, 16, 17, 20, 29, 40, 53-55 
Direct product, 47 
Displacement 
gradient tensor, 3, 5, 149-152 
vector, 3, 82 
Distributive, 45 
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Divergence, 3, 115, 118, 119, 122, 124, 126, 129 
theorem, 136 

Dot product, 19, 32, 50, 68, 75, 115, 130 

Dummy index, 6, 10, 12, 13 

Dyad, 3, 37, 38 


epsilon-delta identity, 65 
Euclidean, 16, 17, 92 


Finger strain tensor, 3, 149-152 
Flat space, 15-17, 19, 72, 74, 139 
Free index, 9-13, 35, 47, 138 


General 
coordinate system, 4, 11, 26, 29, 36, 47, 67, 68, 
70, 71, 77-81, 83, 105, 113, 116, 118, 119, 
121 
tensor, 85, 108 
Generalized Kronecker delta, 4, 62-64 
Gradient, 3, 17, 29, 32, 67, 69, 106, 114, 117, 121, 
124, 126-128 
vector, 32 


Handedness, 27, 38 
Homogeneous coordinate system, 19, 20, 74 


Identity, 25 

tensor, 53 

transformation, 26 
Imaginary, 19, 20, 74 
Improper 

rotation, 40 

transformation, 27, 38, 39, 54 
Index notation, 6 
Indicial 

notation, 7, 8, 12, 102 

structure, 11, 12, 34 
Infinitesimal, 3, 15, 27, 67, 81, 82 

strain tensor, 4, 149-152 
Inner 

multiplication, 45, 48, 50, 72 

product, 3, 48, 50, 51, 72 
Integral, 78 
Intrinsic derivative, 109 
Invariance, 7, 40, 44 
Invariant, 7, 24, 38, 41, 44, 119, 134, 135 
Inverse, 25 

Jacobian, 4 

of matrix, 130 

of metric, 33, 69, 70 

of tensor, 150 

transformation, 20, 21 
Invertible transformation, 24 
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Isotropic tensor, 40, 53 


Jacobian, 4, 20-22, 24-26, 72 
matrix, 4, 20, 21, 32 


Kronecker delta, 4, 10, 53, 54, 59, 62, 63, 68, 70, 71, 
102, 103, 110-112 


Laplacian, 3, 114, 116, 121-125, 128 
Length, 3, 4, 10, 15, 16, 67, 69, 74, 78 
Levi-Civita tensor, 54 

Linear algebra, 48 

Lorentz transformations, 74 

Lowering operator, 35 


Manifold, 17 
Matrix algebra, 48, 51 
Metric tensor, 4, 15, 19, 26, 30-33, 53, 66-69, 72, 
73, 78, 81, 85, 86, 92, 95, 96, 100, 101, 103, 
110-112 
Minkowski metric, 74 
Mixed 
derivative, 104, 139 
Kronecker delta, 4 
metric tensor, 4, 68, 69 
Riemann-Christoffel curvature tensor, 139, 140, 
142 
tensor, 4, 10, 14, 34, 68, 69, 117, 139, 142 
Multiplication 
by scalar, 45 
of matrices, 47, 130 
of tensors, 45-48, 50, 72 
Mutually 
orthogonal, 10, 19, 32, 68 
perpendicular, 17, 19 


nabla operator, 3, 113-116, 122, 124 
Negative orthogonal transformation, 27 
Non- 
scalar tensor, 83, 97, 105, 106, 108 
singular, 66 
Normal vector, 4, 150 
Normalized vector, 3 


Order 
of derivative, 104, 139 
of indices, 11-13, 35, 48, 71, 72, 94 
of multiplicands, 47, 101, 110 
of tensor, 10, 13 
Orthogonal, 10, 17, 19, 32, 68 
coordinate system, 4, 17-20, 52, 67, 73, 78, 79, 
81, 88, 91, 122, 124, 125, 127, 128 
transformation, 27, 38, 39 
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Orthonormal 
basis set, 10, 31 
Cartesian, 28, 47, 60, 67, 70, 71, 73, 79, 80, 82, 
93, 131 
coordinate system, 10, 28, 47, 60, 67, 70, 71, 
73, 79, 80, 82, 93, 94, 131 
vectors, 3, 10, 30, 31, 36, 60 
Orthonormalized vectors, 4, 36 
Outer 
multiplication, 45 
product, 3, 50, 100, 101, 110 


Parallelepiped, 31 
Partial 

derivative, 3, 9, 24, 83, 87, 99, 100, 103, 104, 

107 

differential operator, 35 

differentiation, 97, 100 
Perimeter, 137 
Permutation 

of tensor, 51 

tensor, 5, 54, 56, 77, 112 
Perpendicular, 3, 17, 19, 29, 67 
Physical 

basis vector, 51 

component, 52, 124 

dimension, 17 

representation, 3, 51, 52 
Plane, 17, 18, 27 
Polar coordinate system, 5 
Position vector, 3, 4, 29, 78, 137 
Positive orthogonal transformation, 27 
Principle of invariance, 7 
Product rule, 112 
Proper transformation, 27, 54 
Pseudo 

tensor, 38, 40 

vector, 38, 39 


Quotient rule of tensor, 51 


Raising operator, 35, 97, 121, 148, 149 
Range of index, 6, 137 
Rank 
-0 tensor, 8, 119 
-1 tensor, 8, 115 
-2 tensor, 8, 34, 37-40, 42, 43, 49, 53-55, 58, 
66, 75, 98, 105, 115, 117, 119, 134, 135 
-3 tensor, 6, 37, 40, 54, 55 
-4 tensor, 37, 54, 55 
of tensor, 6, 8, 10, 40, 46, 54, 55, 99, 100, 112, 
113 
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Rate of 

deformation tensor, 152 

strain tensor, 4, 149-152 
Real, 20 
Reciprocal, 21 
Reciprocity relation, 37 
Rectangular 

Cartesian, 37, 38 

coordinate system, 37, 38 
Rectilinear coordinate system, 17-19, 108 
Reflection, 27, 38 
Relative 

permutation tensor, 5, 56, 77 

scalar, 105 

tensor, 4, 39, 56-58, 105 
Replacement operator, 59, 110, 111 
Ricci 

curvature scalar, 4, 148, 149 

curvature tensor, 4, 147-149 

theorem, 101, 102 
Riemann-Christoffel curvature tensor, 4, 16, 17, 104, 

105, 138, 140, 145-149 

Riemannian 

geometry, 17 

space, 15 
Right handed system, 30, 31 
Rotation, 26, 27, 40 


Scalar, 3, 6, 12, 13, 39-41, 45, 46, 58, 100, 105, 107, 
112, 117-119 
field, 106, 117, 121, 123-126, 128 
invariant, 134, 135 
operator, 114 
triple product, 77, 81, 82, 130 
Scale factor, 4, 28, 67, 74, 78-80, 82, 94, 124, 125 
Schur theorem, 16 
Semi- 
circle, 19, 27 
plane, 18, 19, 27 
Semicolon notation, 3, 6 
Shifting operator, 71, 102, 110, 111 
Skew-symmetric, 42 
Sphere, 19, 27 
Spherical coordinate system, 3, 4, 18, 19, 22, 27, 28, 
52, 73, 79, 80, 82, 85, 93, 95, 113, 124, 127, 
129 
Stokes theorem, 136 
Straight line, 16-19, 27 
Stress tensor, 5, 149, 150, 152 
Subtraction of tensors, 45, 46 
Sum rule, 112 
Summation, 6, 10, 47 
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convention, 6 
Surface, 3, 4, 17, 27, 137 
Symbolic notation, 6-8, 102 
Symmetric, 41, 42, 44, 53, 66, 68, 86, 91, 140, 142, 
150 
tensor, 42, 44 
Symmetry, 41, 43, 53, 66, 120, 121, 146, 148, 149 


Tangent vector, 17, 29, 32, 67, 107 
‘Tensor 
calculus, 52, 113, 130 
component, 12, 99, 113 
equality, 9, 11, 12, 40, 41, 46 
expression, 9, 11, 12, 38, 40 
field, 14, 107, 115 
multiplication, 46, 47 
notation, 35, 68, 78, 114-116, 123, 136, 149 
representation, 51 
term, 6, 9, 12, 13, 38, 40, 95, 99, 105, 147 
test, 51 
Total 
derivative, 83, 107, 108, 111 
differentiation, 108, 109, 112 
Totally 
anti-symmetric, 42, 55 
covariant Riemann-Christoffel curvature tensor, 
139 
symmetric, 42 
Trace, 4, 48, 130 
Traction vector, 4 
Transformation, 4, 8, 20, 21, 24-27, 31, 34, 38, 40, 
41, 44, 51, 54, 70-72, 119 
Translation, 27 
True 
tensor, 38-40 
vector, 38, 39 


Unit vector, 137 
Unity tensor, 69 


Vector, 3, 4, 6, 10, 12, 19, 29, 30, 34, 36-39, 41, 47, 
51, 60, 68, 75, 77, 81, 97, 107, 114, 115, 
117-119, 130, 137, 150 

calculus, 48, 113 

field, 114, 116, 119, 122, 124, 126, 129, 136, 
137, 139 

identity, 136, 137 

notation, 136 

operator, 114 

triple product, 77, 130 

Velocity 
gradient tensor, 3, 149-152 


vector, 4, 150 
Volume, 3, 4, 31, 80, 81, 137 
Vorticity tensor, 4, 5, 149-152 
Weight of tensor, 4, 39, 46, 47, 56-58, 105 


Zero tensor, 40, 41, 44, 85 
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